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S/H Stage 1 Stage i Stage k
S/H
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n(t)
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IQ\QA#X²K L
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∫ ∞
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∫ ∞
−∞
∫ ∞
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YOa+AVdªNJX+IQAHSYfDGXﬂ_Y]a+AVHOa+NQCOYOAHSYÂuF+dªYO\^ﬂDY]aﬂH
∆τ0
\ HÂsFﬂ`Ea½dªAHOHYOaﬂAX½Y]a+A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DYOYOAX!FﬂDGYO\^NQX 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fh(ρ) =
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σ2
e−ρ
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σ2
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n=−∞
xl
( n
B
)sin[piB(t− n/B)]
piB(t− n/B)
,+R^gQg 
Áa+AZ+NJF+CO\^ACÁY]C]DQXﬂH;P.NQC]Â NGP
xl(t)
\ H
Xl(f) =
{
1
B
∑∞
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 a+\^`EacDGC]AYOCEDGXﬂHOÂ\YOYOA_²\^X*+d DQ`ANQP
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 a+A#COAjÂsF+dªYO\^ﬂDY]a
+C]NQﬂDQIJDY]\ªNJX½N4``FﬂC]H#R Áaﬂ\^HfÂ½DGJA#HYOa+A³C]A#`A#\ JA#_6H  !ÂuKNQd
dˆn
X+NGYÁNQXﬂd  6_4A#A#Xﬂ_4A#XJY
NGP4Y]a+AfDJ` Y]FﬂDGdQYOCEDGXﬂHOÂ\YOYOA#_sH;\^IQXDGd
dn
K+F4YWDGd HONBNGP+Y]a+AﬂCOA\^NQFHYOCEDGXH;Â\ªY;YOA_uH  !Âs¿
KNJd^H
dn−i
R ÁaﬂA ;¸ \ªXﬂ`COADQHOA#H \Y]as_4A`C]A#DQHO\^X+IH  ÂsKNJdJd^AXﬂIGYOa
Ts
DGXﬂ_u\ªX`C]A#DQHO\^X+I
_4Ad D oH;ﬂCOADQ_oNQPBYOa+Ac`EaﬂDQX+X+Ad¬R HOA`\ DGd^d  hP.NJCKﬂCONDQ_4KﬂDQXﬂ_oH  !H;YOA#Â½H \ªYOa QA#C  
H;aﬂNQCOYuH  !ÂuKNQd[YO\^ÂAYOa+A6C]AÂN DGdNGP ;¸³COA JFﬂ\ªC]A#H³Y]a+A6FﬂHOA½NGPB`NQÂ+F4YEDYO\^NQXDGd^d  
_4AÂ½DQXﬂ_4\^X+IAFﬂDQdª\^#DGYO\^NQX½DGd^IQNJCO\ªYOa+Â½H a+\ `Ea\ªXﬂ`COADQHOAÁYOa+AN QACEDGd^d4`NJÂﬂdªA
 
\ªY  uNQP
YOa+ABH  4HSY]AÂ½H#R Áa+AFﬂXﬂ_4AC]d \^X+I³+C]\ªX`\^+dªANQP`NQXQA#XJY]\ªNJXﬂDGd!ÂsF+dY]\^`#DGC]CO\^ACY]C]DQXﬂH;Â\ HS¿
H;\^NQX²\^HY]N_4\!\^_+A³D_+DGY]DHSY]COADGÂ¤\ªXY]Nsd^N A#CCEDY]A_ﬂDY]DH;YOC]A#DGÂ½HfDGXﬂ_6YONsYOCEDGXﬂHOÂ\Y
YOa+A#Â N JAC³D²X!F+ÂsKA#CNGPÁ_4\ﬀ$AC]AXYuHOF+K`DGC]C]\ªA#C]H A#dªd[HOAﬂDQC]DGYOA_j\^X¡P.C]AA#Xﬂ`  *K 
IQFﬂDQC]_1KﬂDQXﬂ_+HYON0DJNQ\ _1\ªXYOA#C]`#DGC]CO\^AC\ªXYOA#C;P.A#COA#Xﬂ`AJRÁa+\ HVDQ++C]NJDQ`EacDGd^d^N BHDGX*\^X4¿
`C]A#DJH;As\ªXhH  !ÂuKNQdW_4FﬂC]DGYO\^NQXjNJX?A#DJ`Ea¡`#DGC]CO\^AC C]A#_+Fﬂ`\^X+I²YOa+AsYO\^ÂA_+\^HOA#C]HO\^NQXjNJX
A#DJ`Ea²H  ÂsKNJd_4F+AYONsYOa+A³ÂsF+dY]\ªDYOa1+C]NQﬂDQIJDGYO\^NQXlRU@BN fA JAC JFﬂHO\^X+IsXﬂNQX+N JAC]d^DQ4¿
+\^X+Ij`DQCOC]\ªA#C]HHOAﬂDQC]DGYOA#_¡K jIQFDGCE_?KﬂDQXﬂ_+H³d^A#DJ_+H³YONjDc_4A`C]A#DJH;A\ªXhY]a+A0HOA` YOCEDGd
A56`\^AX`  NGPYOa+AÁH  !H;YOA#ÂcR%ﬂZUTi  a+\ `Eau\ HDHOA`\ DGd4`DJH;AfNGPﬂÂsF+dªYO\ `DGC]C]\ªA#CY]C]DQXﬂHS¿
Â\^H]H;\^NQX 4+CON !\ _4A#HDÂAY]a+N4_²P.NQCB\^Xﬂ`C]A#DJH;\^X+IsYOa+A=HOA#` Y]C]DQdA56`\^AX`  0K 6DQ`E!\ªXﬂI
YOa+A=HOF+K`DQCOC]\ªA#C]HÁÂNJCOA_4A#XﬂH;A#d   a+\^dªA=DJNQ\ _4\^X+I\ªXYOA#C]`#DGC]CO\^ACf\^XJY]ACOP.AC]AXﬂ`AQR ÀX*DQX
ﬂZUTViyH;\^IQXDGd  \Y]anY]a+Ac+C]NQAC½`Ea+NQ\ `AHsP.NQCYOa+A*`#DGC]CO\^ACH;A#ﬂDGCEDY]\ªNJX
∆f
DGXﬂ_
H  !ÂsKNJd[dªA#X+IGY]a
Ts
\ªYu\ H=NJH]H;\^K+d^AYON?DQCOCEDGX+IJAuY]a+A½Y]a+A0HOF+K`#DGC]CO\^ACEHHONcYOaﬂDGY=YOa+A
H;\^IQXDGd`DQX1KAC]A#`A#\ JA#_ﬃ\Y]a+NQF4YB\^XYOA#C;P.A#COA#Xﬂ`AP.C]NQÂX+A#\ªIJa!KNJCO\^X+IH;F+K`DQCOC]\^ACEHR
Áa+AﬂZUTVi H]`Ea+AÂAaﬂDQHY]a+AP.NQd^d^N \ªX+I1QA ?DQ_ DQXY]DGIJA#H\^X~`NQÂﬂDQCO\ H;NJX*YON
H;\^X+IJdªA`DQCOC]\^ACÁH  4H;YOAÂ½H#L
• ©X ﬂZUTi H  4HSY]AÂ aﬂDJHDGX\ªX+aﬂAC]AXYC]NQKﬂFﬂHSY]X+A#H]HDGIDG\^XﬂHSYsYOa+AcA$A` Y]HNQP
ÂsF+dY]\ªDYOa+C]NQﬂDQIJDGYO\^NQX COA_4Fﬂ`\ªX+I \PX+NGYUAd^\^Â\^XﬂDGYO\^X+I Y]a+A`NQÂ+F+Y]DY]\ªNJXﬂDGd
d^NJDJ_0C]AF+\^COA_6P.NJCB`EaﬂDGXﬂX+AdA JFDGd^\ªDYO\^NQX
• ©X ﬂZUTVi H  4H;YOAÂ \ HÂNJCOA=C]A#HO\ HSYEDGXYVDGIDG\^XﬂH;YXﬂDGC]C]N KﬂDGXﬂ_1\^XYOACOP.AC]AX`A
HO\ªX`A=HOFﬂ`Ea²\^XYOA#C;P.A#COA#Xﬂ`AD $A#`Y]HÁNJX+d  ²DHOÂ½DGd^dlX!F+ÂuKACNQPHOF+K`DGC]C]\ªA#C]H
• ÀX*DGX ﬂZUTi H  4HSY]AÂ 4\ªYB\^HNJH]HO\ªK+d^AYON½\^Xﬂ`C]A#DJH;AVYOaﬂA=H  4H;YOAÂ `DQﬂDQ`\Y  ½K 
DJ_+DG4Y]\ªXﬂIjYOaﬂA1_+DGY]D?C]DGYOA6AC½HOF+K`#DGC]CO\^ACsDQ``NQCE_4\^X+I*YON?YOa+A*¸VµNGPY]aﬂDY
ﬂDQC;Y]\^`F+d DGCBHOF+K`#DGC]CO\^AC
• ©X ﬂZUTVi¦H  4H;YOAÂ A   aﬂ\ªK+\ªY]Ha+\^IQauHOA#` Y]C]DQdJA 6`\^AXﬂ`  A#HOA`\ DGd^d  P.NJCDaﬂ\ªIJa
X!F+ÂsKA#CBNGPUH;F+K`DQCOC]\^ACEH
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KAH;aﬂN XYOaﬂDGY[YOa+AVNQCOYOa+NJIQNJXﬂDGd^\Y  uKAYA#AX½Y]a+AVHOF+K`DGC]C]\ªA#C]HW`#DGX½KAVDQ`Eaﬂ\ªAQA#_K 
`Ea+N!NJHO\ªXﬂI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∆f
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NQX¡YOa+A0\ªXﬂ_+\ !\ _4FﬂDGdH;F+K`DQCOC]\^ACEH
1/Ts
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NGPUdªA#X+IGY]a
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NJX1ADQ`Ea*HOF+K`#DGC]CO\^ACR ÀX1YOaﬂ\^HV`DQHOAﬂNQX+A=HO\ªXﬂIQd^A ﬂZTi H  ÂsKNJd`DQX
KA C]\ªY;YOA#X*DQH#L
s(t) =
{ ∑NC−1
i=0 diexp
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j2piit
Ts
)
0 < t < Ts
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HONQXﬂH;Y
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a+AC]A
NC
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dªA#X+IGY]a
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| ﬂZUTi ijN!_+F+d^DGYONJC
=
NC−1∑
i=0
diTsδ[i− l] = dlTs. ,+R J® 
¸!\ªX`A0ADQ`Ea~NGPÁY]a+A²HOF+K`DGC]C]\ªA#C]H³A
 
`A4YuYOa+A0_+A#HO\ªC]A#_~NJX+A6A
 
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d^AX+IQYOa
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dªADQ_+HY]ND
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Y  !A³NQPHOA` YOC]F+Â¦P.NQCÁA#DJ`Ea²HOF+K`#DGC]CO\^AC #a+\ `Ea²aﬂDJHfAC]NJH
P.NQCBDQdªd
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YOaDY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∆f = 1/Ts
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+C]NQNJHOA#_FﬂHO\ªX+IÁY]a+AÂAYOa+N4_³NGP4Â\^X+\ªÂsF+ÂÂADGX=H FﬂDGC]A#_AC]C]NQCP.NQCﬂDGCEDGÂAY]AClAHS¿
YO\^Â½DYO\^NQX+C]NQK+d^AÂ½H#R Áa+Ak¿'ÂA#DGXH`dªFHSY]AC]\ªX+I³DGd^IQNJCO\ªYOaﬂÂ \^HA
 
+d^\ `\ªYOd u_4A#H]`C]\^KA_
P.NQCYOaﬂA ﬂC]H;YUYO\^ÂA\ªXsYOa+A fNQC]4HNQP@VDGCOYWDQXﬂ_T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JK−means =
∑
j∈Ω
‖ ~Xj −
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k=1
zjk ~Pk‖2 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 a+A#COA ~Xj
\ H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\ªXoNJF+C=`DJH;A  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[zjk, ~Pk] =
DQCOIJÂ\ªX
zjk , ~Pk
(JK−means), j ∈ Ω, k = 1 . . .K .¨R  
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JK−means
\ªYOa²COAH;A#`YYONuYOa+A`d^FﬂH;YOACf+C]NGY]NGY  !AHR
Áa+ADGd^IQNJCO\ªYOa+Â `DGX1KA=H;F+ÂÂ½DGC]\^A#_1DQHfP.NJdªd^N BH#L
gQR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j ∈ Ω +HOAd^A#`Y zjk H;Fﬂ`Ea²YOaDY
zjk =
DQCOIJÂ\ªX
zjk
(JK−means), j ∈ Ω, k = 1 . . .K
¨ﬂRZﬂNQC
k = 1 . . .K
~Pk =
∑
j∈Ω zjk
~Xj∑
j∈Ω zjk
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H;YOA#ﬂHBDGXﬂ_²¨F+XYO\^d
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JEA =
∑
j∈Ω
|Xj −
K∑
k=1
zjkPk|2 + λ
∑
j∈Ω
‖∇Xj −∇
K∑
k=1
zjkPk‖2 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DQXﬂ_
Xj
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.¨ﬂR ¨ \ HYOaﬂA`NHSYUP.F+Xﬂ`YO\^NQXNGPYOaﬂA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YOA#COÂ½H\ HB`NJXYOC]NQd^dªA_²K 0YOa+A=DGCEDGÂAY]AC
λ
RfZﬂNQC
λ = 0
Y]a+\ HDGd^IQNJCO\ªYOaﬂÂ¦`NJX JAC]IQAH
YON0YOa+ANQCE_4\^XﬂDGC  1k¿'ÂA#DQXﬂHVDQdªIJNQC]\Y]a+Â  aﬂAC]A#DQH a+AX
λ
\^Hd DGC]IQAYOaﬂAs\^X MﬂF+A#Xﬂ`A
NGPBY]a+AcA#_4IJA²\^X4P.NJCOÂ½DY]\ªNJXnNJX9YOaﬂAcHOAIJÂAXY]DGYO\^NQX9KA#`NQÂA#HÂNQC]A²ﬂCOA_4NQÂ\^XﬂDGXY#R
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λ0
aﬂ\^`Eac\ H_4A ﬂXﬂA#_cDQH
λ0 = λ
scale(∇Xj)
scale(Xj)
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∑
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∑
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∑
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Z+FﬂC;Y]a+AC]ÂNQC]A+Y]a+AÂNJCOAuIQA¿
X+ACEDGdW_4AﬂX+\ªYO\^NQXﬂHP.C]NQÂ ,®4R^g#Ä DQXﬂ_D,®4R^gQg DGC]AsIJNQ\^X+I0Y]NcKAFﬂHOA#_?P.NQC³Y]a+A½`  4`d^\^`
DGF4Y]N4`NQC]C]Ad DYO\^NQX6P.F+Xﬂ` Y]\ªNJXﬂHÁY]a+CONJF+IQaﬂNQF4YÁYOaﬂ\^H`EaﬂDQ4YOA#C#R
 ﬃ  ﬃ    $, ﬂ  $%#2 	 ,    .! *ﬀ2!+)+& # ,.!0, $$"*-/1#2-, 3  & 3(!#2-,43 	
Áa+A?`NQX±SF+IDY]AjDGXﬂ_X+NJXﬂ`NJX±SF+IJDGYOAj`  !`dª\ `*DGF+YON4`NJCOC]Ad DY]\ªNJXnP.F+X` YO\^NQXH0DGC]A*_4\ HS¿
`C]AY]A¡P.FﬂXﬂ` Y]\ªNJXﬂHcNGPsYOa+AhP.C]AF+AX`  rﬂDQC]DQÂAYOA#C
α
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Rαxx(τ) = 0
DQXﬂ_
Rαxx∗(τ) = 0 ∀α 6= 0
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α
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Rαxx(τ) 6= 0
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Rαxx∗(τ) 6= 0
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E{x(t)} = lim
T→∞
1
T
∫ T/2
−T/2
x(t)dt
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lim
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∫ T/2
−T/2
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T→∞
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lim
T→∞
1
T
∫ T/2
−T/2
E{x(t)}e−j2piαtdt = lim
T→∞
1
T
∫ T/2
−T/2
x(t)e−j2piαtdt
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Rαxx(τ) = lim
T→∞
1
T
∫ T/2
−T/2
x(t + τ/2)x∗(t− τ/2)e−j2piαtdt 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DGXﬂ_nNQX+d o\ªP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 
+C]A#H]H;A_
DQH#L
Rkfsxx (τ) = σ
2
d
sin[pikfs(Ts − |τ |)]
pik
ej2pikfs for|τ | < Ts ¬®4R ®4g 
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τ/T
s
Cyclic Autocorrelation Function for a QPSK Signal (Rectangular Pulse Shape)
α/f
s
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
Áa+AfÂDQIQX+\ªYOF_4ANQP4YOa+AfX+NQX`NQXG±SF+IJDGYOA`  !`dª\ `DQF4YON4`NQC]COA#d^DGYO\^NQX³A#H;YO\^Â½DYOA
P.NQCBD  VM¸4k£H;\^IQXDGd\ªYOacCOA` YEDGX+IJF+d^DQCÁ+F+d H;AHOaﬂDGA
Áa+A³Â½DGIQXﬂ\Y]Fﬂ_4A³NGPYOa+A`  4`dª\ `³`NQC]C]Ad DYO\^NQX0A#H;YO\^ÂDGYOAP.NQCD  VM¸4kÂN4_4Fﬂd^DGYOA#_cHO\¿
IQXﬂDQd\Y]aCOA` Y]DQX+IQFﬂd^DQCﬂF+d^HOABHOaﬂDGA\^H_4\^HO+d D QA_u\^X½Z\^IﬂRW®4R^g a+AC]AfYOa+A_+\^H]`C]AY]A
`NJCOC]Ad DY]\ªNJXcHOF+COPDQ`A#HP.NJC
α = kfs
DQCOA`d^A#DGC]d  !\ H;\^K+d^AQR ÁaﬂAuÂ½D
 
\^ÂuF+Â DGd^F+AuNQP
`  4`d^\ ``NQC]COA#d^DGYO\^NQX²N!`#`F+CEHP.NQC
α = ±1/Ts = ±fs DQXﬂ_ τ = ±Ts/2 R
:=	j !G$	
§

7*#	ﬀ
§

¸!\^Xﬂ`A²YOa+A1C]A#` YEDGX+IJF+d DGC=+Fﬂd^HOA1HOaﬂDQA²aﬂDQHD?HOA#` Y]COFﬂÂ a+\^`Eap_4A#`#D !HuCOA#d^DGYO\QA#d  
H;d^N d  \¬R AJR \Y]a
1/|f | P.NJCd^DQCOIJA f lNQYOa+A#C+F+d H;A½HOaﬂDGAP.F+Xﬂ`YO\^NQXﬂH \ªYOa~a+\^IQaﬂAC
H;A#`YOCEDGdUA56`\ªA#Xﬂ`  ?DQCOAFﬂHOFﬂDGd^d *AÂ+d^N  QA#_?\ªXh+CEDQ`YO\ `DGdU_4\^IQ\ªY]DQd[`NQÂÂsF+X+\ `DY]\ªNJX
H  4H;YOA#ÂH#R ÀX~Y]a+AP.NQd^d^N \ªX+I  fA6DGC]A½IQNJ\ªX+I1Y]Nj\ªXJA#H;YO\^IJDY]AYOa+A6\^X MﬂFﬂAXﬂ`A½NGPÁYOa+A
H;A#`YOC]F+Â NQP
g(t)
NQXjY]a+A6`  4`dª\ `sDQF4YON4`NQC]COA#d^DGYO\^NQX*P.F+X` YO\^NQX
Rαxx(τ)
P.NQCD1d^\ªX+ADGC
ÂN!_+F+d^DGYOA_oH;\^IQXﬂDQd,R 
 
ﬂCOAHOHO\ªXﬂIcYOa+A²+F+d H;A0HOaﬂDQA
g(t)
\ªX~Y]AC]ÂHuNGPB\ªY]HsZ+NQFﬂCO\^AC
YOCEDGXﬂH;P.NQC]Â
g(t) =
∫ ∞
−∞
G(f)ej2piftdf
¬®4R ®Q 
¾Q´    ( (
 G< 
  
 0 	 ﬃ 	   ﬁ0G 	;"  % 	C 
DGd^dªN BH[YOa+AVCOA#A
 
+C]A#H]H;\^NQXNQPYOa+A`  4`d^\^`VDGF4Y]N4`NQC]C]Ad DYO\^NQXP.F+X` YO\^NQX²\ªX6YOAC]Â½HNQPYOa+A
+F+d H;AHOA` Y]C]DﬂRW¡ANJK4Y]DQ\ªX
Rkfsxx (τ) = lim
T→∞
σ2a
T
∫ T/2
−T/2
∫ ∞
−∞
∫ ∞
−∞
[
exp[j2pi
(
f1t− f1
+f1τ/2 + f2t− f2− f2τ/2− kfst
)
]G(f1)G(f2)
∞∑
n=−∞
e−j2pinTs[f1+f2]
]
df1df2dt.

 
+C]A#H]H;\^X+I=Y]a+A³\ªX ﬂX+\ªYOA=HOF+Â NGP+aﬂDQHONQCEHDJHÁDGX0\^XﬂXﬂ\Y]A=H;F+Â NQP\^Â+F+d H;AH fAIQAY
Rkfsxx (τ) = lim
T→∞
σ2a
T
∫ T/2
−T/2
∫ ∞
−∞
∫ ∞
−∞
[
exp[j2pi
(
f1t− f1 + f1τ/2 + f2t
−f2− f2τ/2− kfst
)
]G(f1)G(f2)
.
∞∑
i=−∞
δ[f1 + f2 − ifs]
]
df1df2dt.
¬®4R ®G 
Z\ªXﬂDQdªd 4\^XYOA#IQCEDYO\^X+I \ªYOacCOAH;A#`YÁYON
f1
YONA#dª\^Â\ªXﬂDGYOA³Y]a+A\ªÂ+Fﬂd^HOA#Hd^A#DJ_+HfYON
Rkfsxx (τ) =
σ2a
Ts
∫ ∞
−∞
[
e−j2pifτG(f)
∞∑
i=−∞
G(ifs − f)e−j2piifs(−τ/2)
. lim
T→∞
1
T
∫ T/2
−T/2
ej2pifst(i−k)
]
dtdf.
=
σ2a
Ts
∫ ∞
−∞
e−j2pi[(fτ+kfs(−τ/2)]G(f)G(kfs − f)df ,®+R ®G¨ 
Z+C]NQÂ ,®4R ®¨  Á\ªY0KA`NJÂAH0`dªADGC½Y]aﬂDY6Y]a+A?DQÂNJF+XY6NGP=`  !d^\^`?`NQC]C]Ad DYO\^NQX\^X
YOa+A*d^\^X+A#DQCÂN4_4F+d DY]A#_ÃHO\ªIJXﬂDGd_4A#A#Xﬂ_+H½NJXnY]a+AjH;A#`YOCEDGdN JAC]d^DQ++\^X+I?KAYfAA#X
YOa+AP.C]AF+A#Xﬂ`  0HOa+\ªP YOA_ JACEH;\^NQXHNQPYOaﬂA+F+d H;AHOA` YOC]F+Â +\¬R AJRUKAYA#AX
G(f)
DGXﬂ_
G(kfs − f) R Áa+AsDGÂNQF+XYBNQPY]a+\ HHOA` YOCEDGdN QAC]d DG++\^X+INQK!\^NQFﬂHOd  ²_4AAXﬂ_ﬂHBNQX
YOa+A=HOaﬂDQA³NGPYOaﬂAﬂDGCOYO\ `F+d DGCHO\ªIJXﬂDGd+Fﬂd^HOA³P.F+Xﬂ`YO\^NQXlR
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G(f)
ρ=0
ρ=1
ρ=0.3
−1/T −1/2T 1/2T 1/Ts s s s f
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6 x¦µBDG\ HOA#_*NJHO\ªX+A=¸!A#`YOC]F+Â
ÀXh_4\^IQ\ªY]DQd`NQÂÂuFﬂX+\^`#DY]\ªNJXﬂH Y]a+AHO\^IQXﬂDQd+Fﬂd^HOAs\ HFﬂHOFﬂDGd^d  j_+A#HO\ªIJX+A#_cY]N1DQdªd^N 
H  !ÂsKNJdCEDY]A#Hf`NQÂﬂDQC]DQK+d^AÁYONsYOa+AVYNH;\ _4A_6`EaﬂDGXﬂX+AdKﬂDGX_\^_4YOa
B
a+\^dªAÂ\ªXﬂ\¿
Â\ª#\ªX+IuYOa+A\^XJY]ACEH  !ÂsKNJdﬂ\^XJY]ACOP.AC]AXﬂ`AN ;¸ [KAYfAA#X0DQ_±;DQ`A#XYfH  ÂsKNJd^H\^X6YO\^ÂAQR
Áa+A`NJXﬂ_4\ªYO\^NQX1P.NQCX+N\^XYOACEH  ÂsKNJd\ªXY]ACOP.AC]AXﬂ`AV\ H\^X²Y]\ªÂA=_4NJÂ½DG\^X
g(nTs) =
{
1 (n = 0)
0 (n 6= 0)
¬®4R ®Q® 
a+\ `Ea 4\ªX1P.C]AF+A#Xﬂ`  0_+NQÂ½DG\^X0Y]C]DQXﬂHOd^DGYOA#HfY]NYOa+A³P.NJdªd^N \ªXﬂI`NQXﬂ_+\Y]\ªNJX
∞∑
m=−∞
G(f + m/Ts) = Ts
¬®4R ®G´ 
a+\ `Ea1\ H`#DGd^dªA_²YOa+A    JFﬂ\^H;Y+F+d HOA=H;aﬂDQ+\^X+I6`C]\Y]AC]\ªNJX +NJC  F+\^H;YV`CO\ªYOA#CO\^NQX1P.NQC
_4\ HSY]NQCOYO\^NQX+d^A#H]HKﬂDQHOAKﬂDQXﬂ_?`NQÂÂuFﬂX+\^`#DY]\ªNJX ﬀ^g¨ ﬁ'R½Z+NJC
Ts = 1/B
 YOa+\ H`NJXﬂ_4\ªYO\^NQX
`DQXsNJX+d  KABH]DYO\ H ﬂA#_sK =DVC]A#`Y]DQX+IQF+d DGCUHOA` YOC]F+Â  aﬂ\^`EadªADQ_+HY]N³D+Fﬂd^HOAH;aﬂDQA
g(t) = sin(pit/Ts)pit/Ts
R@BN fA QA#CYOa+A#COADGC]AWYNﬂC]DJ` YO\ `DQdJ_4\ 6`F+dªYO\^A#HYOaﬂDGYÂ½DGJAWYOaﬂ\^H
+F+d H;AHOaﬂDGAF+XﬂHOF+\ªY]DQK+dªAP.NJCBH  4H;YOAÂ _4A#HO\^IQX
• Áa+\ H+F+d H;AHOaﬂDQAV\^H+a !HO\ `DGd^d sF+XﬂCOADGd^\ªDGK+d^AKA`DQFﬂH;ANGPYOaﬂAVDGKﬂCOF++Y[YOCEDGX4¿
HO\Y]\ªNJXﬂHBDGYfY]a+AKNQF+Xﬂ_ﬂDGC]\ªAHR
• g(t) _4A#`COADQHOA#H[DJH 1/|t| P.NQCd^DQCOIJA |t| !COAH;FﬂdY]\ªX+Is\ªX²D=C]Ad DYO\QA#d  HOdªN CEDY]ABNGP
_4A`D JRB©``NJC]_+\ªX+IJd  DY]\ªÂ\^X+I0Â\ H;Â½DGY]`Eaj\^XcYOa+AsCOA`A#\ JAC`#DGX*C]A#HOF+dY\ªX¡D
JAC  *a+\ªIJa?\^XYOACEH  ÂsKNJdU\ªXYOA#C;P.A#COA#Xﬂ`AJRu@BA#Xﬂ`AY]a+\^H+Fﬂd^HOA½H;aﬂDQADGd^d^N BHX+N
Â½DGC]IQ\^X²P.NQCAC]C]NQCÁ\ªX²YOaﬂA=HODQÂﬂdª\^X+IYO\^ÂA#H#R
¾Q»    ( (
 G< 
  
 0 	 ﬃ 	   ﬁ0G 	;"  % 	C 
−1/2T 1/2T 1/Ts s s f
G(f) G(f −f)s
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6^| ¸!A#`YOCEDGdN QA#COd DG+ﬂ\ªX+I~KAYfAA#XYOa+A?P.COA F+AXﬂ`  H;a+\ªP YOA_ QA#C]HO\^NQXﬂH½NQP
G(f)
© \ _4Ad ~FﬂHOA#_o+Fﬂd^HOA1HOA#` Y]COFﬂÂ P.NJC=Y]a+\^H`#DQHOA6\^HuYOaﬂA²CEDG\ H;A_o`NH;\^X+A0HOA` Y]COF+Â 
a+\ `Ea¡`NJXﬂHO\^H;Y]HNGPÁD MDYNJC;Y]\ªNJX¡DQXﬂ_?D1C]NQd^d¿'N $~NJC;Y]\ªNJXjY]aﬂDYaﬂDJHD1HO\ªX!FﬂHONQ\ _+DGd
P.NQC]Â ﬀ^g¨ ﬁ
Grc(f) =


Ts (0 ≤ |f | ≤ 1−ρ2Ts )
Ts
2
{
1 + cos
[
piTs
ρ
(
|f | − 1−ρ2Ts
)]}
( 1−ρ2Ts ≤ |f | ≤
1+ρ
2Ts
)
0 (|f | ≤ 1+ρ2Ts )
¬®4R ®J· 
a+AC]AWY]a+ADGCEDGÂAY]AC
ρ
\ H`#DGd^dªA_YOa+AfCONJdªdJNGP4PDJ` YONJCDQXﬂ_³Y]DQQAH DGd^F+A#H\^XYOa+AfCEDGX+IJA
0 ≤ ρ ≤ 1 R Áa+AC]NQd^dN $jPDJ` Y]NQCB_4AYOAC]Â\ªXﬂA#HfYOaﬂA=DGÂNQF+XYNGPYOaﬂA=H;N½`DQdªd^A#_ 5  A5  

96/ :	0<:61 ²NGPYOa+A6HO\ªIJXﬂDGd  \¬R AJRuY]a+A½KﬂDGX_\^_4YOahN!`#`F+ﬂ\ªA_?K *Y]a+A½H;\^IQXﬂDQdUKA QNQX_
YOa+A    JFﬂ\^H;Y6KﬂDGX_\^_4YOa
WNyq = 1/Ts
 a+\ `Ea\ HYOaﬂAjÂ\ªX+\^ÂuFﬂÂ DGÂNJF+XYNQP
KﬂDGX_\^_4YOa~COA F+\ªC]A#_¡K jY]a+A   F+\ HSYY]a+ANJCOA#Â1R6ZﬂNQC=A
 
DGÂ+d^A a+A#X
ρ = 0.3

YOa+AfA
 
`A#H]HlKﬂDQXﬂ_\ _!YOas\^HUQÄ  DQXﬂ_ a+A#X
ρ = 1
YOaﬂAA
 
`A#H]HKDGXﬂ_\ _!Y]au\ HgÄQÄ 0R
Z+NJC
ρ = 0
\Y`NJXQAC]IQAHfYONcD½C]A#` YEDGX+IJF+d DGCVHOA#` Y]COFﬂÂ  DJHHOa+N Xj\^X¡Z\ªIc®4R  Áa+A
+F+d H;A
grc(t)
aﬂD!\ªXﬂIuY]a+AC]DQ\^HOA#_1`NH;\^X+A³H;A#`YOC]F+Â¦\ HIJ\ JAX0K  ﬀªg#¨ ﬁ¬L
grc(t) =
sin(pit/Ts)
pit/Ts
piρt/T
1− 4ρ2t2/T 2s
¬®4R ®G» 
HOFﬂDGd^d  YOa+AY]C]DQXﬂH;Â\ªYDQXﬂ_jC]A#`A\QA dY]ACEHV\^X¡D0YOA#dªA`NJÂÂsF+X+\ `DGYO\^NQX?H  4HSY]AÂ
DGC]A_4A#HO\ªIJX+A#_cHONYOaﬂDGYBYOa+A³Y]NGYEDGdlA$A` YNQPY]a+A#HOA ﬂdªYOACEHBDQ++C]N
 
\^Â½DY]AY]a+Au_4AH;\^COA_
H;A#`YOC]F+ÂcR ÀX1YOa+\ HB`#DQHOA4Y]a+A=H;N½`#DGd^dªA_²C]N!NGYCEDG\ H;A_²`NJHO\ªX+A ﬂdªYOA#C]HDGC]AA#Â+dªN  JA#_R
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Cyclic Autocorrelation Function of a QPSK Signal (raised root cosine pulse)
α/f
s
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Áa+AfÂDQIQX+\ªYOF_4ANQP4YOa+AfX+NQX`NQXG±SF+IJDGYOA`  !`dª\ `DQF4YON4`NQC]COA#d^DGYO\^NQX³A#H;YO\^Â½DYOA
P.NQCBD  VM¸4k£H;\^IQXDGd\ªYOacCON!NQYÁCEDG\ HOA#_0`NJHO\ªXﬂAﬂF+d^HOA=HOaﬂDGA
Áa+A³CON!NQYÁCEDG\ HOA#_1`NJHO\^X+AH;A#`YOCEDGdl`EaﬂDQC]DJ` YOA#CO\ H;YO\ `B\ HÁIQ\QAX1K L
Grrc(f) =
√
|Grc(f)| ¬®4R ®G¾ 
Áa+ACON!NGYÁCEDG\ H;A_6`NH;\^X+A ﬂdY]ACÁ\ HÁFﬂH;A_6\^X1HOAC]\^A#HﬂDG\^C]H4H;NsYOaDYÁYOa+AVYONQY]DQd ﬂdY]AC]\ªXﬂI
A $A#`Y\^HBYOaﬂDGYVNQPWDCEDG\ HOA#_c`NH;\^X+A ﬂdªYOA#C#RÁa+AsDQ_DGXYEDGIQA³\ HY]aﬂDY\ªPWYOaﬂAYOCEDGXﬂHOÂ\Y
H;\ _4A ﬂdªYOAC\ H³HSY]\ªÂsF+d DYOA_?K jDQX?\^ÂﬂF+d^HOAlYOa+A#X?Y]a+ACOA`A\QAH;\ _4A ﬂdªYOA#C\ HP.NQCE`A_
YONﬃﬂdY]AC³DGXj\^X++F+Y+Fﬂd^HOAsHOaﬂDGA=Y]aﬂDY³\ H\ _4AXY]\^`#DGdYON0\ªY]HVN Xj\^Â+F+d H;AsCOAH;NQXﬂHOA
YOa+A#COA#K HOAYOYO\^X+IF+sDÂ½DY]`EaﬂA#_ ﬂdªYOA#CDQXﬂ_³Â½D
 
\^Â\^\^X+IHO\^IQXﬂDQdGYONVX+NQ\ HOA[C]DGYO\^N a+\^dªA
DY[Y]a+AVH]DGÂAY]\ªÂAVÂ\^X+\^Â\ª#\ªX+Is\ªXY]ACEH  !ÂuKNQdﬂ\ªXYOA#C;P.A#COA#Xﬂ`AJR ÁaﬂA+F+d HOABaﬂD!\ªXﬂIYOa+A
CON!NQYÁCEDG\ HOA#_0`NJHO\ªXﬂA³HOA#` Y]COFﬂÂ¦\ H ﬀªg#¨ ﬁ
grrc(t) =
4ρ
pi
√
Ts
cos( (1+ρ)pitTs ) +
Ts
4ρtsin(
(1−ρ)pit
Ts
)
1− 4ρt/Ts
¬®4R ´QÄ 
g#ÄJÄ      .0 
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	C ﬀ 
©BIDG\^X QY]a+ABC]NQd^dﬂN $0PDQ`YONJC\ HWYOaﬂAﬂDQC]DQÂAYOA#C_4AY]AC]Â\ªX+\^X+IY]a+AA
 
`A#H]H[KDGXﬂ_\ _!Y]a
NGP³YOaﬂA?H;\^IQXDGd¬R  µ©  ;¸¿'¾® ;¸¿Eg#Q´oDQXﬂ_MT DGC]AjH;NJÂA*NQP³YOa+A?DQ\ªC0\ªXYOA#C;¿
PDQ`A#HFﬂH;\^X+IuYOa+AVCON!NGYfC]DQ\^HOA#_½`NJHO\ªXﬂAVHOA` YOC]F+Â !KNQYOa1DYY]a+AVYOCEDGXﬂHOÂ\YOYOACÁDGX_YOa+A
COA`A#\ JACR
¸!\ªX`AhYOa+AhC]NNQY1CEDG\ HOA#_r`NJHO\ªX+Ah+F+d HOAhHOA` Y]COF+Â HOF++ﬂCOAHOHOA#H0YOa+AhP.C]AF+A#Xﬂ`  
`NJÂNQXﬂAXY]H½NQP³YOa+A?HO\^IQXﬂDQdÁP.NQC |f | > 1+ρ2Ts =
1+ρ
2 fs
\Y]a
0 ≤ ρ ≤ 1 Y]a+AC]A
A
 
\ HSYEHX+N1H;A#`YOCEDGdN QA#COd DG+ﬂ\ªX+I½KAYfAA#X*YOaﬂA=P.C]AF+AX`  1YOCEDGXﬂHOd DYOA_ QA#C]HO\^NQXﬂHNQP
Grrc(f)
P.NJC |k| > 1 4\¬R AQR
Grrc(f)Grrc(kfs − f) = 0; |k| > 1 ,®+R ´ﬂg(
Áa!FﬂH [P.NQC½Djd^\ªXﬂA#DGCÂN4_4F+d DY]A#_nHO\^IQXﬂDQd \ªYOaCON!NQYsCEDG\ H;A_n`NH;\^X+A1H;A#`YOC]F+Â  A
IQAYHO\^IQX+\ `DQXY³HOA` Y]C]DQdU`NQC]COA#d^DGYO\^NQXjNJX+d *P.NQC
k = ±1 RZ\ªIj®4R ²\ªd^dªFHSY]C]DGYOA#HY]a+A
H;A#`YOCEDGdN QAC]d DG++\^X+I1P.NQCDjC]N!NGY=CEDG\ H;A_o`NJHO\^X+A6+F+d HOA0H;aDGA²DGX_
k = 1
R Áa+A
DGÂNQFﬂXJYNGP³H;A#`YOCEDGdN JAC]d^DQ++\^X+IjNQK!\^NQFﬂHOd  o\^Xﬂ`COADQHOA#H \Y]a\^Xﬂ`COADQHO\ªX+I¡A
 
`AHOH
KﬂDGX_\^_4YOacNQC 4AF+\DGd^AXYOd \ªYOac\^Xﬂ`C]A#DJH;\^X+I
ρ
R
Áa+A0Â½DGIJX+\ªYOFﬂ_4A²NGPÁYOaﬂA²`  4`dª\ `6DGF+YON4`NJCOC]Ad DY]\ªNJX¡P.FﬂXﬂ` Y]\ªNJXoP.NQCD  VM¸4k ÂNG¿
_4F+d DY]A#_ÃH;\^IQXDGdAÂ+d^N  !\ªXﬂI~D~C]N!NGY½CEDG\ H;A_p`NJHO\ªX+A*HOA` Y]COF+Â \Y]a
ρ = 0.22
\ H
_4\ H;+d D QA_0\^X*Z\ªIR®4R ¨ﬂR[©HÁﬂCOA_4\^`YOA_ 4YOaﬂAu`  4`d^\ `DQF4YON4`NQC]COA#d^DGYO\^NQX6\ HBHOF+++C]A#H]H;A_
P.NQC |k| > 1 RÀX?`NQXYOCEDQH;YBY]N6YOaﬂAu+C]A !\^NQFﬂHV`DQHOAYOaﬂAs`  4`dª\ `=`NJCOC]Ad DY]\ªNJX*H;F+COPDQ`A#H
DY
α = ±fs ADG0DGY τ = 0
 ﬃ ﬃ     ! *,	 # /1#2-, 3 / $     $, ﬂ  $%#2- 	 ,  /   ﬁ 	 2  43(/ *
Áa+Aj³DGFﬂH]HO\^DQX9Â\ªX+\^ÂuFﬂÂ HOa+\P Y½JA  !\ªXﬂID¬³i?¸4k"  a+\ `Eap\ HAÂ+d^N  QA_9\^XÃ¸+i
DGXﬂ_ÃT f  \ H6D~X+NJX+d^\ªX+ADGC½ÂN4_4F+d DY]\ªNJXpY  !A a+\ `EaÃÂDQQAHYOa+AcY]a+ANJCOAYO\ `DGd
`DQd^`F+d^DGYO\^NQX½NQPlYOa+A³`  4`dª\ `DQF4YON4`NJCOC]Ad DY]\ªNJXP.F+Xﬂ` Y]\ªNJXﬂH F+\Y]ADs_4\ ½`F+dªYYEDQHOR Áa+A
DGXﬂDQd  4HO\^Hu+C]N \ _4A_o\ªX9YOa+\ HH;A` YO\^NQXp\^HsKﬂDJH;A_oNQXH;A#ﬂDGCEDY]\ªX+IcY]a+A*³i?¸4k HO\ªIJXﬂDGd
\ªXY]N6\YEHd^\^X+A#DQCDGXﬂ_cXﬂNQX+d^\ªXﬂA#DGC`NJÂNQXﬂAXY]HVDGXﬂ_1P.N4`FH;\^X+I6NJXcYOa+Asdª\^X+A#DQCBﬂDQC;YNQP
YOa+AHO\ªIJXﬂDGd  a+\ `Ea\^HWDAC]Â\ H]H;\^K+d^AÁDQ++C]NJDJ`Ea H;\^Xﬂ`AfY]a+Adª\^X+ADGCUﬂDGCOYWNGPYOa+ABHO\ªIJXﬂDGd
`NJXJYEDG\^XﬂHÁ`DﬂR[¾Q¾ ¤NGPY]a+A³YONQY]DQdlH;\^IQXﬂDQdAX+A#COI Bﬀ ¨ ﬁ'R
,!ﬀ4ﬀ4$V}1
m
5
³i?¸4k`#DGXjKA\ªXYOA#COﬂCOAYOA#_?DQH³D²¿¬d^A JAdZW¸4kÂN4_4Fﬂd^DGYO\^NQX \ªYOahD6ÂN4_4F+d DY]\ªNJX
\ªX_4A
  h = 0.5
R Áa+A=`NQÂ+d^A
 
A#XQAd^NQANGPWD³i¡¸4kºÂN4_4F+d DY]A#_1H;\^IQXDGd\ H
s(t) = exp
[
j2pih
∞∑
n=−∞
dn
∫ t
−∞
gf (τ − nTs)dτ
]
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\Y]a*YOaﬂAuH  !ÂsKNJdHOAF+AX`A
dn ∈ {−1, 1} +H  !ÂsKNJdCEDYOA fs = 1/Ts DGXﬂ_ gf (t) D
P.COA F+AXﬂ`  6\^ÂﬂF+d^HOA \ªYOa*DsYO\^ÂAKDGXﬂ_\ _!Y]a1ﬂCON4_4Fﬂ`Y
BTs
R
gf (t) =
1
Ts
rect
( t
Ts
) ∗ pGauss(t) ¬®4R ´Q 
a+AC]A
pGauss(t)
\ HD½³DGFﬂH]H;\ DGX1\^ÂﬂF+d^HOA
pGauss(t) =
√
2pi
ln2
·B · exp
(
− 2(piBt)
2
ln2
)
¬®4R ´G¨ 
Z+NJCBYOaﬂA¸4i H  4H;YOAÂ YOaﬂA=PDQ`YONJC
BTs = 0.3
ÁDQH`EaﬂNJHOAX  a+AC]A#DJHB\^X?T f  
BTs = 0.5
R ÀX½+CEDQ` Y]\^`AQYOa+AB\^XﬂXﬂ\Y]ABdªNJX+Is³DQFﬂHOHO\ DGX\ªÂ+Fﬂd^HOAB\ H[`F4YYONuD³d^AXﬂIGYOa
LTs
\ªYOa
L ≥ 3 R ÀX ﬀ ¨J ﬁ !\Yf\^HÁHOa+N XYOaﬂDGYÁDs³i?¸4kHO\ªIJXﬂDGd`DQX6KAVCOA#+C]A#HOAXYOA_
DQHfY]a+A=H;FﬂA#CONJHO\Y]\ªNJX²NQP
2L−1
Ad^AÂA#XJYEDGC  6\^ÂﬂF+d^HOAP.F+Xﬂ`YO\^NQXﬂH
cK(t)
s(t) =
∞∑
n=−∞
2L−1∑
K=1
exp[jpihAK,ncK(t− nTs)] ¬®4R ´J® 
\Y]aoYOaﬂA²H;Y]DY]\^H;YO\ `DQdªd o_4AAX_4AXYsÂN4_4F+d DY]\ªXﬂI¡HOAF+AX`A
AK,n
 a+\ `Ean`DQX9KA
A
 
+C]A#H]H;A_0DJHDuP.FﬂXﬂ` Y]\ªNJX1NQPY]a+A=_+DGY]DH;A F+AXﬂ`A
dn
DQHfP.NJdªd^N BH
AK,n =
n∑
i=−∞
di −
2L−1∑
l=1
dk−lvK,l
K =
2L−1∑
l=1
2l−1vK,l; vK,l ∈ 0; 1 ¬®4R ´Q´ 
Áa+AK+\ªYVHOAF+AX`A
vK,L−1, . . . , vK,1
`NQC]COAH;NQXﬂ_ﬂHY]NYOa+AuK+\ªXDGC  6COA#+C]A#HOAXY]DGYO\^NQX
NGP=Y]a+Ah\ªXﬂ_+A
  K
R© QA#C  _4AY]DQ\ªd^A#_v_4\^H]`FHOHO\ªNJXDGKNQF+Y²Y]a+Ah_+AC]\ DY]\ªNJXNQP=YOa+A
Ad^AÂAXYEDGC  \ªÂ+F+d HOAP.NJCOÂ½H
cK(t)
\ H+CON !\ _4A#_u\ªX:ﬀ ¨Q¨ ﬁﬂDQXﬂ_ﬀ ¨J ﬁ¬RUZ+NJC
L = 4
aﬂ\^`Ea
\^H`NQÂÂNQXﬂd  =FH;A_u\^X+C]DJ` Y]\^`AY]a+A³i?¸4kH;\^IQXDGd+`NJXﬂHO\^H;Y]HUNQPY]a+ABH;FﬂA#CONJHO\Y]\ªNJX
NGPU»Ad^AÂAXY]DQC  ½\^Â+F+d H;A³P.FﬂXﬂ` Y]\ªNJXﬂHL
g#Ä      .0 
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s(t) =
∞∑
n=−∞
exp
[
jpihA0,n
]
c0(t− nTs)
+
∞∑
n=−∞
7∑
K=1
exp[jpiAK,n]cK(t− nTs) ¬®4R ´· 
'Y\ H[ADQHO\ªd HOAA#XYOaﬂDGYY]a+A ﬂCEH;YH;FﬂÂ¤`#DGX½KA\^XYOAC]+C]AY]A#_½DQHDd^\ªX+ADGCÂN4_4Fﬂd^DGYO\^NQXlR
Z+C]NQÂ Y]a+\^HC]A#DJH;NJX WY]a+AcKﬂDQHOA¿'KﬂDGX_p³i?¸4k H;\^IQXDGdÁ`DGXKA1C]AﬂCOAH;A#XJY]A#_pDQHsYOa+A
H;FﬂA#CONJHO\Y]\ªNJX²NQPDd^\ªXﬂA#DGCDQXﬂ_cDsXﬂNQX+d^\ªXﬂA#DGC`NQÂNJX+AXYL
s(t) =
∞∑
n=−∞
exp
[
jpih
n∑
i=−∞
di
]
c0(t− nTs)
+
∞∑
n=−∞
7∑
K=1
exp[jpiAK,n]cK(t− nTs)
= slin(t) + snl(t)
¬®4R ´Q» 
ÀXsZ\^IﬂRW®4R ®YOa+A ﬂCEH;YYfNV\^Â+F+d H;AH
c0(t)
DGX_
c1(t)
DGC]Af_4\ HO+d^D JA#_P.NJC
BTs = 0.3
R
'YB`DGX²KAHOa+N X6Y]aﬂDY
c0(t)
`NJXY]DG\^XﬂH
99%
NGPlY]a+AH;\^IQXﬂDQdAX+A#COI Bﬀ ¨J¨ ﬁ 4aﬂAXﬂ`AVY]a+A
³i?¸4kvH;\^IQXﬂDQd4`DGXsKABDQ++C]N
 
\ªÂ½DY]A#_K \ªY]HUd^\ªXﬂA#DGC[`NQÂNQX+A#XJYPDG\^C]d  =DJ``FﬂC]DGYOAd QR
Z+NJCÁD_4AY]DQ\ªd^A#_1_4\ HO`FﬂHOHO\^NQX0NJX0Y]a+\ HÁCOA#+COAH;A#XY]DY]\ªNJX0DGX_6Y]a+A³Ad^AÂAXY]DQC  ½\^Â+F+d H;A
P.F+Xﬂ`YO\^NQXﬂH
cK(t)
+H;A#A<ﬀ ¨J ﬁ'R Áa+Adª\^X+A#DQCDGCOYNGPYOa+AHO\ªIJXﬂDGd
slin(t)
`DGX²KA C]\YOYOAX
DQH
s(t) ≈ slin(t) =
∞∑
n=−∞
znc0(t− nTs) ¬®4R ´Q¾ 
\Y]a1YOa+A=H  !ÂuKNQdlHOAF+AX`A
zn = exp
[
jpih
n∑
i=−∞
di
]
= exp
[
j
pi
2
(dn +
n−1∑
i=−∞
di)
]
= jdnzn−1
¬®4R ·Ä 
'YB`DQX0KA³HOa+N X½Y]aﬂDYÁY]a+AVd^\^X+A#DQCÁDQ++C]N
 
\ªÂ½DY]\ªNJX½NGPlY]a+A=³i?¸4kHO\^IQXﬂDQd\ HfÂNQC]A
DQ`#`F+CEDY]AVP.NJCBa+\^IQa+A#C DGd^F+A#HNQP
BTs
 a+\ `Ea*\^HBX+NGYHOF+C]+CO\ HO\ªX+I +H;\^Xﬂ`A³YOa+As³i¡¸4k
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
6

c0(t)
DGXﬂ_
c1(t)
P.NQC
L = 4

BTs = 0.3
H;\^IQXDGd`NQXQA#COIJA#HY]N¡D?i¡¸4k H;\^IQXDGd[P.NJC
BTs → ∞ %a+\ `Ea9\^HDjd^\^X+A#DQCuÂN4_4F4¿
d^DGYO\^NQX?Y  AQR¸!\^Xﬂ`AYOaﬂA\^X++F+YHO\^IQXﬂDQdHOAF+A#Xﬂ`A
dn ∈ {−1, 1}  AHOAAsYOaﬂDGYY]a+A
ÂN!_+F+d^DGYO\^X+IH;A JFﬂAXﬂ`A
zn
\^X
slin(t)
`NJXﬂHO\^H;Y]HNGPDQdY]AC]XﬂDY]\ªXﬂIsC]A#DQdDQXﬂ_6\^Â½DGIQ\^XﬂDQC  
H  !ÂsKNJd^H#R Áa+\ H=+C]NQACOY  ?d^A#DJ_+HY]N¡Dj`NQX±SF+IDY]A0`  4`d^NJH;Y]DGYO\^NQXﬂDQC  ?KA#aﬂD!\ªNJF+C=\^X
YOa+Au³i¡¸4kÂN4_4F+d DY]A#_cH;\^IQXDGd¬R
 s 
ﬀ4#  =ŁlJ7,1¢²
lQ7,ﬀ4#,Ã 
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¡A6H;Y]DQC;Y=NJF+C=DGXDGd !HO\ H \ªYOa~Y]a+A6`NJX±SF+IDYOA½`  !`dª\ `½DGF+YON4`NJCOC]Ad DY]\ªNJX
Rαss∗(τ)
NQP
Dh³i¡¸4k HO\ªIJXﬂDGd¬R ÀXd^\ªIJaJYNGPVYOa+A*_4\ H]`FﬂH]H;\^NQXDGKN QA[NQX+d oY]a+Acdª\^X+A#DQCﬂDGCOYNQP
YOa+AHO\ªIJXﬂDGd\ H`NQXH;\ _4AC]A#_lR©VHOHOF+Â\ªXﬂIsY]aﬂDYfYOaﬂAVY]\ªÂ\^X+INGPYOa+AHO\ªIJXﬂDGd\^HÁFﬂX+!X+N X
YON1YOaﬂA½COA`A\QA#CfA½`DQX¡A
 
ﬂCOAHOHVYOaﬂAYO\^ÂA DQC  !\^X+I1`NQX±SFﬂIJDY]A½DGF4Y]N!`NQC]COA#d^DGYO\^NQX
P.F+Xﬂ`YO\^NQX*_4F+A³Y]NsY]a+Ad^\ªX+ADGCB`NQÂNJX+AXYNGPYOaﬂA=H;\^IQXﬂDQdDQHfP.NQd^d^N BHL
Rαss∗(t + τ/2, t− τ/2) ∼= E{slin(t−  + τ/2)slin(t− − τ/2)}
=
+∞∑
n=−∞
+∞∑
m=−∞
E{znzm}c0(t− − nTs + τ/2)
· c0(t− −mTs − τ/2) ,®+R ·4g(
FﬂHO\ªX+IB¬®4R ·Ä fDQXﬂ_
E{dndm} = E{dnd∗m} = δ[n−m]
fAIJAY
E{znzm} = (−1)nz2−∞δ[n−m]
¬®4R ·G 
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\Y]a*YOaﬂAu`NJXﬂHSYEDGXY
z2−∞ ∈ {−1, 1}
a+\ `Eaj_4A#A#Xﬂ_+HNJXcYOa+Au\ªX+\ªYO\ DGdUH;Y]DY]A=NGPUY]a+A
H;A F+AXﬂ`A
zn
R Áa!FﬂHÁY]a+AYOaﬂAu`NJX±SF+IJDGYOA=`  !`dª\ `DGF+YON4`NJCOC]Ad DY]\ªNJX6P.F+Xﬂ`YO\^NQXj`#DGXcKA
CO\ªY;Y]AX*DQH
Rαss∗(t + τ/2, t− τ/2) =
+∞∑
n=−∞
z2−∞(−1)nc0(t− − nTs + τ/2)
· c0(t− −mTs − τ/2) ,®+R ·G 
ﬂVK\^NQFH;d 
Rαss∗(t + τ/2, t − τ/2)
\ H½A#CO\^N4_4\ `\Y]arD~A#CO\^N4_ÃAFﬂDQdYON
2Ts

H;\^Xﬂ`AsY]a+A½H;A F+AXﬂ`A
(−1)n \ H³A#CO\^N4_4\^` \ªYOaoD0AC]\^N!_¡AFﬂDQdUYON* aﬂ\^`EahdªADQ_+H
YON0D²`NJX±SF+IJDGYOAu`  4`d^NJH;Y]DY]\ªNJXﬂDGC]\ªY   \Y]a?`  4`dªAP.C]AF+A#Xﬂ`\^A#H
α = k/2Ts = kfs/2

k = ±1,±2 . . . RWhA=`DQXC]\ªYOAQL
Rαss∗(τ) =
{
R
kfs/2
ss∗ (τ), α = kfs/2
0,
NQYOa+A#C \ H;A
¬®4R ·¨ 
Áa+A`NJX±SF+IJDGYOA`  4`dª\ `DGF4Y]N4`NQC]C]Ad DYO\^NQX6P.F+Xﬂ` Y]\ªNJX*`DGX1KA=`DGd `Fﬂd^DGYOA#_1DQH
R
kfs/2
ss∗ (τ) = z
2
−∞ lim
T→∞
1
T
∫ T/2
−T/2
∞∑
n=−∞
(−1)nc0(t− − nTs + τ/2)
. c0(t− − τ − nTs − τ/2)e−jk2pi(fs/2)tdt. ¬®4R ·G® 
DQH\^XnY]a+Ac+COA!\ªNJFﬂHs`#DQHOA[A
 
+COAHOHO\^X+IjY]a+Ac+F+d H;A
c0(t)
\ªXnYOA#COÂ½HNGPV\YEH½Z+NQFﬂCO\^AC
YOCEDGXﬂH;P.NQC]Â
c0(t) =
∫ ∞
−∞
C0(f)e
j2piftdf
DGXﬂ_²C]A#DGd^\^\^X+IuY]aﬂDY
(−1)n = ejpin d^A#DJ_+HfYON
R
kfs/2
ss∗ (τ) = z
2
−∞ lim
T→∞
1
T
∫ T/2
−T/2
∫ ∞
−∞
∫ ∞
−∞
[
exp[j2pi
(
f1t− f1 + f1τ/2
+f2t− f2− f2τ/2− k(fs/2)t
)
]C0(f1)C0(f2)
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.
∞∑
n=−∞
e−j2pinT [f1+f2−(fs/2)]
]
df1df2dt.
¬®4R ·´ 

 
+C]A#H]H;\^X+I=Y]a+A³\ªX ﬂX+\ªYOA=HOF+Â NGP+aﬂDQHONQCEHDJHÁDGX0\^XﬂXﬂ\Y]A=H;F+Â NQP\^Â+F+d H;AH fAIQAY
R
kfs/2
ss∗ (τ) =
z2−∞
Ts
lim
T→∞
1
T
∫ T/2
−T/2
∫ ∞
−∞
∫ ∞
−∞
[
exp[j2pi
(
f1t− f1 + f1τ/2
+f2t− f2− f2τ/2− k(fs/2)t
)
]C0(f1)C0(f2)
.
∞∑
i=−∞
δ[f1 + f2 − fs(i + 1
2
)]
]
df1df2dt.
,®4R ·Q· 
ÀXYOAIJC]DGYO\^X+I \Y]a1C]A#HOA#` YÁY]N
f1
YON½Ad^\^Â\^XﬂDGYOAYOa+A\^Â+F+d H;AHd^A#DQ_ﬂHfYONﬂL
R
kfs/2
ss∗ (τ) =
z2−∞
Ts
∫ ∞
−∞
e−j2pifτC0(f)
.
∞∑
i=−∞
C0(fs
2i + 1
2
− f)e−j2pifs 2i+12 (−τ/2)
. lim
T→∞
1
T
∫ T/2
−T/2
ej2pifst
2i+1−k
2 dtdf.
=
z2−∞
Ts
∫ ∞
−∞
e−j2pi(fτ+
k
2 fs(−τ/2))C0(f)C0(k
fs
2
− f)df
¬®4R ·» 
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m
5
m
ﬀﬂ7
¸!\^Xﬂ`A
slin(t)
\^H³D6d^\^X+A#DQCÂN4_4F+d DY]A#_¡H;\^IQXﬂDQdDQXﬂ_
E{znz∗m} = δnm
Y]a+A³i¡¸4k
H;\^IQXDGdﬂDQd^HONA
 
a+\^K+\ªY]H[XﬂNQXﬂ`NQX±SF+IDY]AB`  4`d^NJH;Y]DGYO\^NQXﬂDQCO\ªY   \Y]a0DP.F+Xﬂ_ﬂDGÂAXY]DQd`  !`dªA
P.COA F+AXﬂ`  
αf = 1/Ts = fs
R µA`DQdªd^\ªXﬂI ¬®4R ®¨  YOaﬂAh`  !`dª\ `hDGF4Y]N!`NQC]COA#d^DGYO\^NQX
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.K YOa+A[XﬂNQXﬂ`NQX±SF+IDY]A
`  4`d^\ `DQF4YON4`NQC]COA#d^DGYO\^NQX½P.F+X` YO\^NQXH
−1
−0.5
0
0.5
1
−6
−4
−2
0
2
4
6
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
τ/T
s
Conjugate Cyclic Autocorrelation Function of a GMSK Signal
α/f
s
 76

6 ﬁijDGIJX+\Y]Fﬂ_4A³NGPYOa+A`NJX±SF+IDYOAu  4`d^\ `V©F4YON4`NJCOC]Ad DY]\ªNJX0Z+FﬂXﬂ` Y]\ªNJX²AHSY]\¿
Â½DYOA³NQPUDKﬂDJH;A¿¬KﬂDQXﬂ_²³i¡¸4k£HO\^IQXﬂDQd
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P.F+Xﬂ`YO\^NQX1P.NQCÁY]a+\^H`DQHOA`DQX²KAIQ\QA#X²DQH#L
Rkfsss (τ) =
1
Ts
∫ ∞
−∞
e−j2pi[(fτ+kfs(−τ/2)]C0(f)C0(kfs − f)df ,®+R ·G¾ 
:=	j¹  Q$	j«
7 m 	ﬀ § 
 FﬂDY]\ªNJXﬂH ¬®4R ·» =DGXﬂ_ ,®+R ·G¾ ³HOa+N £YOaﬂDGY=YOa+A1H;A#`YOC]F+Â NGPfYOa+A²+F+d H;A½P.FﬂXﬂ` Y]\ªNJX
c0(t)
_4AYOAC]Â\ªXﬂA#HYOa+AH;aﬂDQAVNGPKNGYOa²`NQXG±SF+IJDGYOADQXﬂ_½X+NJXﬂ`NJX±SF+IJDGYOADQF4YON4`NQC]COA#d^DG¿
YO\^NQXcP.F+X` YO\^NQXHNQPY]a+AsHO\^IQXﬂDQd,R¸!\^Xﬂ`AuH;A#`YOC]F+Â NGPUYOaﬂAu+F+d HOA
C0(f)
 DJHOHON4`\ DYOA_
\Y]ajY]a+Asd^\^X+A#DQCDGCOYVNGPYOa+A½³i?¸4kHO\^IQXﬂDQd\ H JAC  cXﬂDGC]CON  YOaﬂAHOA` Y]C]DQdN JACO¿
d^DQ++\^X+IKAYfAAX
C0(f)
DQXﬂ_
C0(kfs−f) \ªX ¬®4R ·¾   a+\ `Ea½\ HW\ªd^d^FﬂHSY]C]DGYOA_\ªX6Z\^IﬂR
®4R ´ K P.NQC
k = 1
\ HQA#C  ²H;Â½DGd^d +dªADQ_4\^X+IY]N6DGX*DGd^ÂNJH;YYONGYEDGdHOF++ﬂCOAHOHO\ªNJX²NQPUYOa+A
X+NQX`NQXG±SF+IJDGYOAÁ`  4`d^\^`fDGF+YON4`NJCOC]Ad DY]\ªNJXP.F+Xﬂ`YO\^NQXlRU@BN fA JAC #Y]a+AH;A#`YOCEDGd4N JAC]d^DQ4¿
+\^X+I½KAYA#AX
C0(f)
DGXﬂ_
C0(kfs/2− f) a+\ `Ea*DG+A#DQC]HÁ\^XcYOa+AA   +COAHOHO\^NQX²P.NQC
YOa+A`NJX±SF+IDYOA`  4`d^\ `sDQF4YON4`NJCOC]Ad DY]\ªNJX1P.F+Xﬂ` Y]\ªNJX  \ HVÂsFﬂ`Ea?d DGC]IQA#CDQHV\ªd^d^FﬂHSY]C]DGYOA_
\ªX9Z\^IﬂRj®4R ´ ,D  Â½DG!\^X+IcYOaﬂA²`NJX±SF+IDYOA6`  4`d^\^`6H;Y]DGYO\ ` Y]\^`#H=NGPÁY]a+A²³i?¸4k HO\ªIJXﬂDGd
YOa+Ad^NQIJ\^`#DGd`Ea+NJ\^`AVP.NJCÁYOa+AﬂF+CONJHOA³NGPUDG\^C\ªXYOA#C;PDJ`A³\ _4AXYO\ `#DYO\^NQXR
Áa+AuÂ½DGIJX+\ªYOFﬂ_4AuNGPUYOa+A`NJX±SF+IJDGYOA=`  !`dª\ `=DQF4YON4`NJCOC]Ad DY]\ªNJX0P.FﬂXﬂ` Y]\ªNJX
Rαss∗(τ)
NGPD1³i?¸4k HO\ªIJXﬂDGd \Y]a
BTs = 0.3
\ HVHOa+N X*\^X¡Z\^IﬂR®+R · aﬂAC]A=YOaﬂA_4\ H]`C]AYOA
`  4`d^\ ``NQC]C]Ad DYO\^NQXHOF+C;PDJ`AHUNGPYOa+AHO\^IQXﬂDQdﬂDY
α = ±fs/2 DQCOA`dªADGC]d   \ HO\ªK+d^AQR Áa+A
Â½D
 
\ªÂsF+Â¦DQÂNJF+XYNGPW`NQC]C]Ad DYO\^NQX0N!`#`F+CEHDY
τ = 0
R
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ÀXrDGX ﬂZUTVi%H  4H;YOAÂ fYOaﬂAjM¸4k NQC  ©i ÂN4_4F+d DYOA_Ã\ªX+P.NQC]ÂDGYO\^NQXH  ÂsKNJd^H
DGC]AuY]C]DQXﬂHOÂ\ªY;Y]A#_?N QACÂuFﬂdY]\ª+d^A6`DQCOC]\^ACEHB\^X¡ﬂDQC]DQdªd^Ad¬R ﬂZUTi FﬂHOA#HN JAC]d^DQ++\^X+I
`DQCOC]\ªA#C]HP.NJC6Y]a+AjY]C]DQXﬂH;Â\ HOHO\^NQXlR Áa+A#COAP.NQC]AcYOa+AhH  !ÂsKNJd ÁDQAP.NJCOÂ½HP.C]NQÂ NQXﬂA
\ªX_4\ !\ _4FﬂDQdFﬂHOACsÂN!_+F+d^DGYOA_oNQX9_4\ $AC]AXY`#DGC]CO\^ACEHN QA#COd DG \ªYOanADQ`EaoNQYOa+A#Cu\^X
YO\^ÂADQXﬂ_P.C]AF+AX`  QR Áa+AVKﬂDQHOAKDGXﬂ_ﬃﬂZUTi HO\ªIJXﬂDGd`DQX½KAA
 
+C]A#H]H;A_½DQHfDuHOF+Â
NGPUH;\^X+IQd^A`DQCOC]\ªA#CÁÂN4_4Fﬂd^DGYOA#_cHO\ªIJXﬂDGd H
s(t) =
√
1
Nc
∞∑
n=−∞
Nc−1∑
i=0
dn,ie
j2pii∆f(t−nTs−)gR(t−nTs−)e−j2pi
Nc−1
2 ∆ft
,®+R »JÄ 
a+AC]A
dn,i
\ HYOaﬂAjX ﬃ YOar\^X4P.NQC]Â½DY]\ªNJXÃH  !ÂuKNQdBÂN4_4F+d DY]A#_ÃNJXÃYOa+Aj\ ﬃ YOar`DQCOC]\^AC 
Nc
\^HY]a+AjX!F+ÂsKA#C6NGP`DQCOC]\ªA#C]H
∆f
\^H6YOa+Aj`#DGC]CO\^AC6HOAﬂDQC]DGYO\^NQX 

\ H½Y]a+A*F+X+¿
X+N XH  !ÂuKNQd!Y]\ªÂ\^X+IDGXﬂ_
gR(t)
\ HYOa+AC]A#`Y]DQX+IQF+d DGCU+Fﬂd^HOAfP.F+Xﬂ` Y]\ªNJXNGPd^AXﬂIGYOa
Ts
R
Ts = Tu+Tg
\ HYOa+AÁH  ÂsKNJd!dªA#X+IGY]a  a+A#COA
Tu = 1/∆f
\^HYOaﬂAfFH;AP.F+d+H  !ÂsKNJd!_+F4¿
C]DGYO\^NQX6DQXﬂ_
Tg
\^HYOa+Ad^AX+IQYOa6NQPYOa+AIQFﬂDQC]_\^XYOA#C DGd¬RW©H]H;FﬂÂ\^X+IuYOaﬂDGYYOaﬂA ﬂZUTi
g#ÄJ»      .0 
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6  ijDQIQX+\ªYOFﬂ_+ANQPY]a+A²  4`d^\^`©BF+YON4`NJCOC]Ad DY]\ªNJX H;YO\^Â½DYOANQPÁDQX ﬂZUTi
H;\^IQXDGd¬R
H  !ÂsKNJd\^HÁA
 
Y]AXﬂ_+A#_c`  4`d^\ `DGd^d ½\ªX1YOaﬂAIQFﬂDQC]_0\ªXYOA#C DQdlDGXﬂ_0YOaﬂDGY
dn,i
\^HB`AXYOA#COA_
\,R \¬R _R4Y]a+A³YO\^ÂA DQC  !\^X+IDGF4Y]N!`NQC]COA#d^DGYO\^NQX6NQPY]a+A=HO\ªIJXﬂDGdl`#DGX1KAA
 
ﬂCOAHOHOA#_²DQH#L
Rss(t + τ/2+, t− τ/2) = A
∞∑
n=−∞
Nc−1∑
i=0
ej2pii∆fτe−j2pi
Nc−1
2 ∆fτ
gR(t− nTs −  + τ/2)g∗R(t− nTs − − τ/2)
\Y]a
A = σ2d/Nc
DGXﬂ_
σ2d = E{dn,id∗n,i}
R Áa+\^H6A
 
+C]A#H]H;\^NQX`DQXÃKA*P.FﬂC;Y]a+AC
H;\^Â+d^\ﬀﬂA_²YONﬂL
Rss(t + τ/2, t− τ/2)=Asin(piNc∆fτ)
sin(pi∆fτ)
¬®4R »+g(
·
∞∑
n=−∞
gR(t− nTs −  + τ/2)g∗R(t− nTs − − τ/2)
'YV\ HADQHO\ªd ²HOAA#X*YOaﬂDGY
Rss(t + τ/2, t− τ/2) \^HA#CO\^N4_4\^`u\ªX t \ªYOa¡D½A#CO\^N4_
AFﬂDQd4YON
Ts
Ja+AXﬂ`AYOaﬂA ﬂZUTVi HO\ªIJXﬂDGdﬂA
 
a+\^K+\YEH[X+NJXﬂ`NJX±SF+IDYOAB`  4`d^NJH;Y]DY]\ªNJXﬂDGC]\ªY  
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\Y]a*Ds`  !`dªAP.C]AF+A#Xﬂ`  
α = k/Ts = kfs
R Áa+A`  4`dª\ `³DGF4Y]N!`NQC]COA#d^DGYO\^NQX½P.FﬂXﬂ` Y]\ªNJX
`DQX²KA=`DQd^`F+d^DGYOA_²DJHL
Rkfsss (τ) = A
sin(piNc∆fτ) sin[pikfs(Ts − |τ |)]
piksin(pi∆fτ)
ej2pikfs
¬®4R »J 
Áa+A½Â½DGIJX+\Y]Fﬂ_4ANGPfYOaﬂA0`  4`d^\ `DQF4YON4`NQC]COA#d^DGYO\^NQXjP.FﬂXﬂ` Y]\ªNJX¡P.NJC=DGX ﬂZUTVi HO\ªIJXﬂDGd
\Y]a
Nc = 15

Tu = 16Ts/21
\^HBHOa+N X*\^XjZ\ªIR®+R »  a+A#COAY]a+Au_4\ H]`C]AYOA=`  4`d^\^`
DGF4Y]N4`NQC]C]Ad DYO\^NQX=HOF+COPDQ`A#HUDYYOa+AÁaﬂDQCOÂNJX+\^`#HNQPﬂY]a+AH  !ÂuKNQd!CEDY]A
α = k/Ts = kfs
DGC]AA#C;P.A` YOd ~_4\^H]`A#COXﬂ\ªK+d^AQR Áa+A½A#DG4HNQPÁYOa+A6`  !`dª\ `½DGF+YON4`NJCOC]Ad DY]\ªNJX¡N4``F+C=DY
τ = ±Tu = ±1/∆f a+AC]AYOa+APDQ`YONJC sin(piNc∆fτ)sin(pi∆fτ)
YEDGQAHf\YEHÂ½D
 
\ªÂsF+Â DQdªF+AJR
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\Y]a¡FH;\^X+I²YOa+A½`  4`dªNHSYEDYO\^NQXDGC]\Y   \Y]ajY]a+A½H  !ÂuKNQdP.C]AF+A#Xﬂ`  
fs
DQHD6P.ADY]F+COA
P.NQCBDQ\ªC\^XYOACOPDQ`AV\ _4A#XJY]\ﬀ`DY]\ªNJXlR
• ¸!NJÂA=fTij© H  4HSY]AÂ½H !P.NJCA   DGÂ+d^A  µB©¿ÀZUTVTDQXﬂ_0¿ TTDGd^d^N YOa+A
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Rxlxl(t + τ/2, t − τ/2) = σ
2
d
+∞X
n=−∞
QX
q=1
QX
p=1
p6=q
cl,qc
∗
l,pg(t − nTs − qTc − l + τ/2)
· g∗(t − nTs − pTc − l − τ/2)
+ σ2d
+∞X
n=−∞
QX
q=1
|cl,q |
2g(t − nTs − qTc − l + τ/2)
· g∗(t − nTs − qTc − l − τ/2)
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DQH\^X 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α = k/Tc = kfc
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DGd H;NuKAX+NGY]A#_6YOaﬂDGYY]a+AV`Ea+\^0CEDY]A
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Â½DY;Y]ACNQPlPDQ`YﬂH]`CEDGÂsK+dª\^X+IsFﬂH;FDGd^d  6\^Â+C]N QA#HYOaﬂA³DQF4YON4`NQC]COA#d^DGYO\^NQX0`EaﬂDQC]DJ` Y]AC]\^H;¿
YO\ `HfNGPY]a+AFﬂH;A#CH;\^IQXﬂDQd^HJP.F+C;Y]a+ACÁ_4A`C]A#DQHO\^X+IYOaﬂA`N!_+A_4A#A#Xﬂ_4A#Xﬂ`  JR¸!\ªX`AAQA#C  
FﬂHOAC=HO\ªIJXﬂDGdUA
 
a+\^K+\ªY]H=`  4`d^NJH;Y]DY]\ªNJXﬂDGC]\ªY   \ªYOahY]a+A6`Ea+\^¡CEDY]ANQPY]a+A6H  4H;YOA#Â YOa+A
YONQY]DGdfC]A#`A#\ JA#_oHO\ªIJXﬂDGdfDGd H;N?A
 
a+\^K+\YEHs`  !dªNHSYEDYO\^NQXDGC]\Y   \Y]a
fc
R ÁaﬂAC]AP.NQC]AUA
 
¿
+d^NQ\ªYO\^X+I6Y]a+As`Ea+\^?CEDY]Au`  4`dªNHSYEDYO\^NQXDGC]\Y  ²\^HYOa+AsdªNJIQ\ `DQd`Ea+NJ\^`A=P.NQCYOa+A+F+C]NJHOA
NGPUDG\^C\ªXYOA#C;PDJ`A³\ _4AXYO\ `#DYO\^NQX²P.NQCBD6fTij©HO\ªIJXﬂDGd¬R
Z\^IﬂR®+R ¾_4\ HO+d^D 4HYOaﬂAÂDQIQX+\ªYOF_4A³NGPY]a+A=`  4`dª\ `³DGF4Y]N!`NQC]COA#d^DGYO\^NQX½P.FﬂXﬂ` Y]\ªNJX1NQP
DH  !Xﬂ`EaﬂCONJX+NQFﬂH[fTij©rHO\ªIJXﬂDGd GKﬂDJH;A_NQX  µB©B¿'ZUTTv_+N X+dª\^X+H;A#`\ﬀ`#DY]\ªNJXﬂHR
      ﬁ G 	;"  %	   4
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Áa+AjX!F+ÂsKA#C6NGPFﬂHOACEH
L = 16
DGXﬂ_pY]a+A?HO+COADQ_4\^X+I9`N!_+A*dªA#X+IGY]a\^H
Q = 16

YOa+AcH]`CEDGÂuKﬂdª\^X+I?`N!_+A0d^AX+IQYOan\ H
Qsc = 38400
R Áa+A²\ªXﬂ_+\ !\ _4FﬂDGdÁFﬂHOACEHsAÂ+d^N  
 VM¸4kvÂN!_+F+d^DGYO\^NQX \ªYOa½C]N!NGY[CEDG\ H;A_s`NJHO\ªX+AﬂF+d^HOAHOaﬂDGAJFﬂHO\ªX+I=D=CONJdªdª¿¬N $½PDQ`YONQC
ρ = 0.22
R Áa+A=`  4`d^\ `DQF4YON4`NQC]COA#d^DGYO\^NQX0HOF+COPDQ`AHDY
α = ±fc DGC]A³`dªADGC]d   !\ H;\^K+d^AQR
Áa+A½`  4`d^NJH;Y]DGYO\^NQXﬂDQCO\ªY  *`DQFﬂH;A_jK *Y]a+A½HO`C]DQÂuK+d^\ªXﬂI1HOAF+A#Xﬂ`A_4NcX+NGY=DQ+ADGC³\^X
YOa+\ H³A#H;YO\^Â½DY]AlHO\ªXﬂ`AuY]a+ANQKﬂHOAC DY]\ªNJXjdªA#X+IGY]a?NQP[YOa+AAHSY]\ªÂ½DY]NQC³\ HHOa+NJC;Y]ACVYOaﬂDQX
YOa+A=H]`CEDGÂsK+d^\ªX+I`N4_4A³AC]\ªN4_
Tsc = 38400Tc
R
 ﬃ ﬃ  ﬁﬃﬂ "!#%$/* *ﬀ23(   "3( $/1#2-,43
©£HO\^IQXﬂDQd
y(t)
`NJXY]DG\^XﬂH³D X+\Y]A½HSY]COA#X+IGY]a¡DQ_ﬂ_4\Y]\ JAHO\^X+A ÁDQA`NJÂNQXﬂAXY \ªYOa
P.COA F+AXﬂ`  
f0
ﬂHOD 
Aej2pi(f0t+θ)
\ªPY]a+A=Z+NJF+C]\ªA#CÁ`N!A56`\^AXY
bf0 = lim
T→∞
1
T
∫ T/2
−T/2
y(t)e−j2pif0tdt
¬®4R »Q¾ 
\^HsX+NJX+A#CONjDQXﬂ_o\ HuA JFDGd[Y]N
bf0 = Ae
j2piθ R ÀXnYOa+\ Hs`#DQHOAYOaﬂA0N A#CsHOA` YOCEDGd
_4AXH;\ªY  ½NGP
y(t)
\^Xﬂ`dªFﬂ_+A#HDH;A#`YOCEDGddª\^X+ADY
f = f0
R ÁaﬂDY\ H Y]a+A³M¸4T`NQXY]DQ\ªXﬂH
YOa+A=DJ_+_4\ªYO\QAYOA#COÂ
|bf0 |2δ(f − f0)
¬®4R ¾QÄ 
\Y]a1YOa+A=_4\^CEDQ`³_4AdªY]DsP.F+X` YO\^NQX
δ(·)
Z+C]NQÂY]a+Au`  !`dªN!A#COIJN!_+\^`_4A X+\Y]\ªNJXﬂHNQPY]a+A=`  4`dª\ `DGF4Y]N4`NQC]C]Ad DYO\^NQX0P.F+Xﬂ`YO\^NQXﬂH
IQ\QA#X²\^X ¬®4R^g® DQXﬂ_ ,®4R^g#´  4\ªYB\^HÁNJK\^NQFHfYOaﬂDGYDJ_+_4\ªYO\QAHO\ªX+A ÁDQA³`NJÂNJX+AXY]H
`DQXhKA6C]AIJAX+A#C]DGYOA#_jP.CONJÂ `  4`d^NJH;Y]DY]\ªNJXﬂDGC  jHO\ªIJXﬂDGd H³FﬂHO\ªX+IjHONj`DQdªd^A#_~_4A#d^D ¿ÀDGXﬂ_4¿
ÂuF+dªYO\^+d  Ti X+NJX+dª\^X+ADGC]\Y]\ªAH 4DQHf\^dªd^FﬂH;YOCEDY]A#_6\^XcZ\^IﬂR[®+RªgÄ  a+AC]AY]a+A³NQ4Y]\ªNJXﬂDGd
`NJÂﬂdªA
 
`NJX±SF+IJDGYO\^NQX¡NQACEDYO\^NQX¡aﬂDQH³KAA#Xh_+AX+NQYOA#_¡K 
(∗) DGXﬂ_?YOa+A½_4A#d^D ?ﬂD¿
C]DQÂAYOA#C0\ Hc_4AX+NQYOA_rDQH
Td
R Áa+A~Z+NJF+CO\^ACc`N!A ½`\ªA#XY]H1`NQC]C]A#HONJXﬂ_4\^X+I~YONpYOa+A
COA#IQA#X+ACEDY]A#_0HOA#` Y]C]DQddª\^X+AH`DGX1KAA
 
+C]A#H]H;A_²DJHL
bf0 = lim
T→∞
1
T
∫ T/2
−T/2
x(t)x∗(t− Td)e−j2pif0tdt = Rf0xx(Td)e−j2pif0Td/2
¬®4R ¾+g 
P.NQCÁY]a+A=TVi X+NJX+d^\ªX+ADGC]\Y   \ªYOa*`NQÂ+d^A
 
`NQX±SFﬂIJDY]\ªNJX²DQXﬂ_ 
b˜f0 = lim
T→∞
1
T
∫ T/2
−T/2
x(t)x(t − Td)e−j2pif0tdt = Rf0xx∗(Td)e−j2pif0Td/2
¬®4R ¾J 
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×
Td
x(t)
(*)
y(t)
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z Áa+A=TVAd D ¿'DQXﬂ_!¿[i*F+dªYO\^+d 0X+NJX+d^\ªX+ADGC]\Y  
P.NQCY]a+A[Ti _4A !\ `A%\ªYOa+NJF4Y`NJÂ+dªA
 
`NQX±SF+IDY]\ªNJXVNJA#C]DGYO\^NQX³COAH;A#`YO\QA#d  JR ÁaFH 
YOa+A\^XJY]AXﬂHO\ªY  ½NGPlY]a+AH;A#`YOCEDGddª\^X+A³COA#IQA#X+ACEDY]A#_K 6Ds_+Ad D J¿ÀDGX_!¿¬ÂsF+dªYO\^+d  _4A\ `A
\^HDQ`YOFﬂDQdªd 1AFﬂDGdYON0YOa+AsÂDQIQX+\ªYOF_4AuNQPY]a+A`NQC]C]A#HONJXﬂ_4\^X+IB`NJX±SF+IDYOAsNQCVX+NQX4¿
`NJX±SF+IJDGYOA `  !`dª\ `DGF4Y]N!`NQC]COA#d^DGYO\^NQXP.F+X` YO\^NQXcDY
α = f0
DGXﬂ_
τ = Td
R ÁaﬂAC]AP.NQC]A
\ªXNJC]_+ACYONnCOA#IQAXﬂACEDYOA²YOaﬂA?H;A#`YOCEDGdVdª\^X+A\ªYOarÂ½D
 
\^ÂuF+Â NHOHO\^K+dªA*\^XYOA#XﬂH;\ªY  
DY³YOaﬂAP.COA JFﬂAXﬂ`  
f0
YOa+A½_4A#d^D ?ﬂDGCEDGÂAY]AC
Td
aﬂDQHY]N*KA½`Ea+NH;A#XhHOFﬂ`Ea¡YOaﬂDGY=\Y
HODQÂ+dªAH[Y]a+A`NJCOC]A#HONJXﬂ_4\^X+Iu`  !`dª\ `DQF4YON4`NQC]COA#d^DGYO\^NQX6HOF+C;PDJ`ADYÁ\^HfÂ½D
 
\^ÂuF+Â D¿
dªFﬂAQR Áa+\^H\^XYOAC]+C]AYEDYO\^NQXDGd H;N`d DGC]\ﬀA#HYOa+AÁC]A#DJH;NJX  a  YOCEDQ_4\ªYO\^NQXDGd^d  YOa+A_4A#d^D 
ﬂDGCEDGÂAYOAC\^H`Ea+NJHOAX½DQH
Td = Ts/2
P.NQCC]AIJAX+A#C]DGYO\^X+IH  !ÂsKNJdﬂCEDYOABHOA#` Y]C]DQdﬂd^\ªXﬂA#H
P.NQC6d^\^X+A#DQC½ÂN4_4Fﬂd^DGYOA#_HO\^IQXﬂDQd^H#LjZ+C]NQÂ Z\^IﬂR ®4R^gc\Y0\ H½NJK !\^NQFﬂHY]aﬂDY0P.NQC6d^\ªXﬂA#DGC
ÂN!_+F+d^DGYOA_1HO\^IQXﬂDQd^H \ªYOa*C]A#`Y]DQX+IQF+d DGCÁ+Fﬂd^HOA=H;aDGA#H+YOaﬂA=`  4`d^\^`uDGF4Y]N!`NQC]COA#d^DGYO\^NQX
H;FﬂC;PDJ`A`NQC]COAH;NQX_4\ªXﬂIYON
α = 1/Ts
A
 
a+\^K+\ªY]HÂ½D
 
\^ÂDDY
τ = ±Ts/2 GDQXﬂ_\ªYWaﬂDQH
DAC]N½DY
τ = 0
R[@N AQA#C!\ªPUD+F+d HOA³HOaﬂDQA \ªYOacC]NNQYC]DQ\^HOA#_²`NJHO\^X+AH;A#`YOC]F+Â
\^HFﬂHOA#_ YOa+AsNQ4Y]\ªÂsF+Â DGd^F+AuNQPY]a+As_+Ad D ²ﬂDQC]DQÂAYOA#CB\ H
Td = 0
 a+\ `Ea?`DQX*KA
H;A#AX1\ªX*Z\^IﬂR®4R ¨ﬂR
}1
m
51w]
§
!Q.U0
§
!G#ﬀ+7Á7!
¸!\^Xﬂ`AYOaﬂA³i¡¸4kºHO\ªIJXﬂDGdA
 
aﬂ\ªK+\ªY]HÁKNGY]a*`NQXG±SF+IJDGYOA³DGXﬂ_²X+NQX`NQXG±SF+IJDGYOA³`  4`d^NJH;Y]DG¿
YO\^NQXﬂDQCO\ªY  KNGYOa QACEHO\ªNJXﬂHNGPWY]a+AsTi _+A !\^`As`#DGX*KAsA#ÂﬂdªN  JA#_1P.NQCYOa+AHOA` YOCEDGd
dª\^X+AIJAX+A#C]DGYO\^NQXlR
Z\^IJH#R®4R^gQg³DGX_c®+Rªgu_+\^HO+d D ½YOa+A=HOA#` Y]C]DQddª\^X+AHCOA#IQA#X+ACEDY]A#_½P.C]NQÂ D³i¡¸4k
H;\^IQXDGd \Y]a
BTs = 0.3
K 6DsTi _+A !\^`A \ªYOa1`NJÂﬂdªA
 
`NQXG±SF+IJDGYO\^NQX6NJA#C]DGYO\^NQX 
a+\ `Eac`NQC]COAH;NQX_+HYONYOaﬂAX+NQXﬂ`NQX±SFﬂIJDY]A`  4`d^\^`DQF4YON4`NQC]COA#d^DGYO\^NQX6P.FﬂXﬂ` Y]\ªNJX ﬂDGX_
K ¡D*Ti X+NQX+d^\^X+A#DQCO\ªY  !\ªYOa+NJF4Ys`NJÂ+dªA
 
`NQX±SF+IDY]\ªNJX  a+\ `Eao`NJCOC]A#HONJXﬂ_+HVYON
YOa+A²`NQXG±SF+IJDGYOA6`  4`dª\ `6DGF+YON4`NJCOC]Ad DY]\ªNJXjP.F+Xﬂ`YO\^NQXoC]A#HOA` Y]\ JAd QRcZ+NQCuKNQYOa9`DJH;AH 
YOa+A½_4A#d^D *\ H`Ea+NH;A#X¡DQH
Td = 0
\^X¡NJC]_4A#CYONcCOA#IQA#X+ACEDY]A=YOaﬂANJ4YO\^ÂuFﬂÂ H;A#`YOCEDGd
dª\^X+AHRW©H_+\^H]`FﬂH]HOA#_½\^X1HOA#`YO\^NQX²®+R ﬂR  YOa+A³i?¸4k£H;\^IQXﬂDQdA
 
a+\ªKﬂ\YEHXﬂNQXﬂ`NQX±SF+IDY]A
`  4`d^NJH;Y]DGYO\^NQXﬂDQCO\ªY   \Y]aÃDh`  4`dªA1P.C]AF+AX`  
α = 1/Ts = fs
a+N AQA#C
Rfsxx(τ)
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power spectral density
Normalized frequency f/fs
ps
d
-59 dB
1 dB
-50 dB
-40 dB
-30 dB
-20 dB
-10 dB
0.02 2.240.5 1.0 1.5 2.0
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M¸4T NGPYOa+A³TVi NQF4Y]+F4YfP.NQCÁDs³i?¸+kH;\^IQXDGd \ªYOa²`NQÂ+d^A
 
`NJX±SF4¿
IJDGYO\^NQX 
0 0.25 0.5 0.75 1 1.25
−40
−30
−20
−10
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10
20
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)
Spectral lines generated for a GMSK signal
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x M¸+T NGPBY]a+A*TVi¶NQF4Y]+F4YP.NQC½D~³i?¸4k HO\^IQXﬂDQd  \Y]a+NQF+Y½`NQÂ+d^A
 
`NJX±SF+IJDGYO\^NQX 
gQg´      .0 
 G< 
( 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Spectral lines Generated for an OFDM Signal
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| M¸4TrNGP+Y]a+ATVi NQF4Y]+F4YWP.NJCUDQX ﬂZUTi HO\ªIJXﬂDGdF \Y]a`NQÂ+d^A
 
`NJX±SF4¿
IJDGYO\^NQX 
\^H QA#C   ADG¡KA`DGFH;A6NQPYOa+A²+F+d H;A²H;aﬂDQA0\ªXQNJd JA#_R ÁaﬂAC]AP.NQC]AYOaﬂA²HOA` YOCEDGd
dª\^X+A6DGY
f = fs
\^X~Z\^IﬂR²®+RªgJg\^HDQd^HON QAC  !fA#DQ?DGXﬂ_h_4\ 6`F+dªY=YONj_+AYOA` Y=F+X_4AC
X+NQ\ HOAQR BNJX+AY]a+Ad^A#H]HlDQHVA
 
A` Y]A#_ Y]a+A½H;A#`YOCEDGdUdª\^X+ADY
f = fs/2
\^X¡Z\^IﬂRu®4R^g
`NJCOC]A#HONJXﬂ_4\^X+I=Y]N
R
fs/2
xx∗ (Td)
\^HfPDQ\ªC]d  ²HSY]CONJX+IDQXﬂ_1ÂuFﬂ`Ea1A#DJH;\^ACfY]N6_4AY]A#` YR
¼½ ¥1 w]
§
!Q1
§
!Gﬀ+7f7,!
Áa+A ﬂZUTVi HO\ªIJXﬂDGd4A
 
a+\ªKﬂ\YEHWNQX+d uXﬂNQXﬂ`NQX±SF+IDY]AÁ`  4`d^NJH;Y]DY]\ªNJXﬂDGC]\ªY  a+AX`ABDTi
\Y]a²`NQÂ+d^A
 
`NJX±SF+IJDGYO\^NQX½aﬂDJH[Y]NuKAVFH;A_½P.NQCÁHOA` YOCEDGddª\^X+ACOA#IQA#X+ACEDY]\ªNJXlR Áa+A
M¸4T NGPY]a+A²Ti NQF+YO+F4YsP.NQCuYOa+AﬂZTi HO\ªIJXﬂDGdNGPHOA#` Y]\ªNJXn®4R +R c\^Hs_4\ H;+d D QA_
\ªXpZ\^IﬂR~®4R^g#  aﬂAC]A½YOa+A1H;A#`YOCEDGdfdª\^X+AHs`NQC]COAH;NQXﬂ_+\ªX+IcY]N¡_4\ H]`C]AYOA²`  4`d^\^`²DGF4¿
YON4`NJCOC]Ad DY]\ªNJX1HOF+COPDQ`A#HBDGYaﬂDGC]ÂNQX+\ `HÁNQP
1/Ts
DGC]AACOP.A#` Y]d   !\^HO\^K+dªAJR Áa+Au_4A#d^D 
ﬂDGCEDGÂAYOACW\ H`EaﬂNJHOAX½DQH
Td = 1/∆f
 aﬂAC]AYOa+AV`  4`d^\^`DGF4Y]N!`NQC]COA#d^DGYO\^NQXsA
 
a+\^K+\YEH
H;aDGC]0A#DG4H#R
 s¥²¢6w]
§
!Q1
§
Qﬀ+7Á7,!
Z\ªXﬂDQdªd YOa+A²TVi NJF4YO+F+Y=P.NQC³Y]a+A1fTij©HO\ªIJXﬂDGd[_4AHO`CO\^KA#_h\ªX9HOA#`YO\^NQXo®4R +R ¨c\^H
_4\ H;+d D QA_~\ªXZ\ªIRn®4R^g¨ﬂR
Td = 0
ÁDQHs`Ea+NJHOAXoY]N¡NJK4Y]DQ\ªX9YOa+AcH;A#`YOCEDGdfdª\^X+AcDY
f = 1/Tc = fc
\ªYOa1Y]a+AÂ½D
 
\ªÂsF+Â¦NJH]HO\ªK+d^A³\ªXY]AXﬂHO\Y  JR
      ﬁ G 	;"  %	   4
	 ﬃ 
 2
"(	  	ﬂ ﬂ  !%	    C;" gQg·
0 0.5 1 1.5
−40
−30
−20
−10
0
10
20
fT
c
PS
D 
(dB
)
Spectral lines generated for a CDMA Signal
 76

6
 &
Mf¸4TNGPYOaﬂAVTi NQF4Y]+F4YfP.NQCfDfTij©HO\ªIJXﬂDGd  \ªYOa1`NQÂ+d^A
 
`NJX±SF4¿
IJDGYO\^NQX 
µAIJAX+A#C]DGYO\^NQXNGPH;A#`YOCEDGd+d^\ªXﬂA#HWFﬂHO\^X+I=D³_4Ad D sDQXﬂ_ÂuF+dªYO\^+d s_4A\ `AaDQHWKAA#X
FﬂHOA#_~\^XoYOa+A²dª\ªYOA#C]DGYOF+C]A½P.NJCu+C]A#HOAXﬂ`A0_4AYOA#`YO\^NQXoNQPT¸ Q¸+¸oHO\ªIJXﬂDGd HF+X_4ACX+NQ\ HOA
\ªXﬀ ¨®(ﬁUDGXﬂ_ ﬀ ¨J´ ﬁ 4P.NJCYOa+A=_+AYOA` Y]\ªNJX1NQPUYOa+A=`EaﬂDQX+X+A#dDGd^dªN4`#DYO\^NQX1\^X4P.NQC]Â½DYO\^NQX1\^XjD
H;A#`YOC]F+Â N!NJdª\^X+I²H  4HSY]AÂ \^Xﬀ ¨!· ﬁ P.NQCÂN!_+F+d^DGYO\^NQX*Y  !As`d^DJHOHO\ﬀ`DY]\ªNJX*NGPMf¸4k
DGXﬂ_hi?¸4k H;\^IQXDGd H\^X ﬀ ¨» ﬁ[NQCP.NQCH  !Xﬂ`Ea+C]NQX+\^#DGYO\^NQXj+FﬂCONJHOA#H\^XDﬀ ¨J¾ ﬁ¬R@BN fA JAC 
YOa+\ HﬂDGACEHaﬂDQAfDGXﬂDQd  4HOA#_³Y]a+AÁH;A#`YOCEDGd!dª\^X+AfCOA#IQA#X+ACEDY]\ªNJX \Y]a+NQF4Y[DQX  ³ÂAXY]\ªNJX
NGPYOa+A=`NQXﬂ`A4YBNQP`  4`dªNHSYEDYO\^NQXDGC]\Y  JR
 ﬃ ﬃ  ﬁ.&(' ' /1$  
Áa+A[`  4`dªNHSYEDYO\^NQXDGC  BH;\^IQXﬂDQdQDGXDGd !HO\ H+CON !\ _4A#_V\^X³YOa+\ HlHOA#` Y]\ªNJXH;a+N BHYOaﬂDGYH;\^IQXﬂDQd^H
P.CONJÂ _4\ﬀ$AC]AXY½DG\^Cu\^XYOACOPDQ`A#HsA
 
a+\^K+\ªY_4\ $AC]AXY!\^Xﬂ_+HsNGPV`  4`d^NJH;Y]DY]\ªNJXﬂDGC]\ªY  jP.NQC
_4\ $A#COA#XJY DGd^F+A#HVNGP[Y]a+AuDGCEDGÂAY]ACEH
α
DGXﬂ_
τ
R DJ`EajNGPWY]a+A\ªXQAHSY]\ªIDY]A#_*HO\ªIJXﬂDGd
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KA¿
`DQFﬂH;A[YOa+A_+\^H;YOC]\ªKﬂF4YO\^NQX=NQP!YOa+Af_+DYED\^HX+NQY!X+N X³YONY]a+ADQ\ªC\ªXY]ACOPDQ`ACOA`NQIJX+\ªYO\^NQX
H;FﬂKﬂH  4H;YOA#ÂºNGPY]a+AHONGP YÁDGC]AC]DJ_4\ªN³F+X_4ACYOa+ABa !NGYOaﬂA#HO\^H
H0
R ÁaﬂAC]AP.NQC]AJ\ªXBﬀ ®GÄ ﬁ 
\Y³aﬂDJHVKAA#X?+C]NQNJHOA#_*YON1A
 
+d^NQ\ªYVY]a+A½DQH  Â4Y]NGY]\^`u+CONJA#C;Y]\ªAHNQP[YOaﬂA`  4`d^\^`DGF4¿
YON4`NJCOC]Ad DY]\ªNJXA#H;YO\^ÂDGYONJC]H[YON=\^X4P.ACYOaﬂADJH  !Â4YONQYO\ `+C]NQACOYO\^A#HNGPYOaﬂAA#H;YO\^Â½DY]\ªNJX
AC]CONJC JA#`YONQC
∆xx∗
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'Y\ HADQHO\ªd sHOAA#X½YOaDY
Rˆαxx∗(v)
\ HDQX6F+X!K+\ DQHOA#_A#H;YO\^Â½DY]ANGP
Rαxx∗(v)
R[@BA#Xﬂ`AYOa+A
A#H;YO\^Â½DYO\^NQXcA#COC]NQC
∆αxx∗(v)
DGX+\ H;aﬂA#HBDJH
T0 → ∞ R ÀX*aﬂ\^H fNQC]+TVDQXﬂ_+D ÁDY]AaﬂDQH
H;aﬂN XcYOaﬂDGYV\ªY\ HDQd^HON0D0`NQXﬂHO\ HSY]AXYA#H;YO\^Â½DY]AsDGX_cYOa+A FﬂDGXYO\ªY  
√
ToRˆ
α
xx∗(v)
\ H
DQH  !Â+YONGY]\^`#DGd^d  j`NQÂ+d^A
 
XﬂNQC]ÂDQd[_4\ HSY]CO\^K+F4Y]A#_ +CON !\ _4A#_jYOaﬂDGY
x(t)
P.F+dªd ﬂd H=DcH;N
`DQdªd^A#_  0 B02/ - A+6/ :;021D0<+;/ ,¸!A#AÁDQ+AXﬂ_4\
 
©pP.NQCU_4AYEDG\^d^H R Áa+A`NJÂ+dªA
 
X+NQC]Â½DGd^\Y  
aﬂDQH=KA#AX9+C]N QA#X¡K ~H;aﬂN \ªX+IcY]aﬂDY`F+ÂsF+d^DQXY]H=NQPNQCE_4ACEH ≥ 3 NQP √ToRˆαxx∗(v)
DGX+\ H;ahDQH  !Â+YONGY]\^`#DGd^d  \,R AQR=DJH
To → ∞ a+\ `Ea?\ H³D²_4\^C]A#` Y³C]A#HOF+dYNGP[Y]a+A½DGKNG¿
QA#ÂA#XYO\^NQX+A_6Â\
 
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!\ªX²YOaﬂA³H]DGÂAﬂDGAC !a+A³aﬂDQH
_4AÂNJXﬂHSY]C]DGYOA_~YOaﬂDGY½\YEH`N DGC]\^DQXﬂ`A0`#DGXpKA1A
 
+C]A#H]H;A_o\^XnY]AC]ÂHNQPBYOa+Ac`NJX±SF4¿
IJDGYOADQXﬂ_X+NQX`NQXG±SF+IJDGYOA`CONHOH[HOA#` Y]C]DQd`NQC]COA#d^DGYO\^NQX_4AXﬂHO\ªY  sP.FﬂXﬂ` Y]\ªNJXﬂH[NQPYOa+AVd^DQI
+C]N!_+Fﬂ` YEH
fv[i] = x[i]x[i + v]
R
lim
To→∞
Tocov(Rˆ
α
xx∗(v), Rˆ
β
xx∗(ρ)) = S
α+β
fvf∗ρ
(β)
lim
To→∞
Tocov(Rˆ
α
xx∗(v), (Rˆ
β
xx∗(ρ))
∗) = Sα−βfvfρ (−β)
¬®4R ¾Q¾ 
a+AC]AYOa+A=`CONHOHÁHOA` Y]C]DQdl_4AXﬂHO\ªY  6P.F+Xﬂ`YO\^NQXﬂHDQCOA_4AﬂX+A_1DJHL
Sαfvf∗ρ (f) = limTo→∞
1
To
To−1∑
i=0
∞∑
ξ=−∞
cov(fv [i], fρ[i + ξ])e
−j2pifξe−j2piαt
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DGXﬂ_
Sαfvfρ(f) = limTo→∞
1
To
To−1∑
i=0
∞∑
ξ=−∞
cov(fv [i], f
∗
ρ [i + ξ])e
−j2pifξe−j2piαt
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Z+C]NQÂYOa+AH;A[C]A#HOF+dªY]H#\ªY`#DGX³KA`NQX`d^Fﬂ_4A#_Y]aﬂDYYOa+A_+\^H;YOC]\ªKﬂF4YO\^NQXNQPJY]a+A[A#H;YO\^Â½DY]\ªNJX
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_4\ HSY]CO\^K+F4Y]\ªNJXlL
lim
To→∞
√
To∆xx∗
D
= N (0,Σxx∗) ,®+RªgÄJ 
a+AC]A D
=
_+AX+NQYOA#HY]a+A`NQXQA#COIJAXﬂ`A\ªX1_4\ HSY]CO\^K+F4Y]\ªNJX0DGXﬂ_ N (0,Σxx∗) \ HÁD=ÂuFﬂdY]\¿
DGC]\^DGYOABX+NJCOÂ½DQdﬂ_4\ HSY]CO\^K+F4Y]\ªNJX \Y]a6ÂA#DQX6ÄuDGX_½`N DGC]\^DQXﬂ`AÂ½DGYOC]\
  Σxx∗
 a+\ `Ea
_4AAX_+H[NJXYOa+ABDGCOYO\ `F+d DGC[HO\ªIJXﬂDGd¬R 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`DQX½KA
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 
+C]A#H]H;A_0DJHL
Σxx∗ =

 Re
{
Q(∗)+Q
2
}
Im
{
Q(∗)−Q
2
}
Im
{
Q(∗)+Q
2
}
Re
{
Q−Q(∗)
2
}

 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Áa+A
(l, m)
YOauA#XYOC]\ªAHNQP+YOaﬂAf`NQÂ+d^A
 
`N DQCO\ DGXﬂ`A[Â½DY]CO\ `AH
Q(∗)
DGX_
Q
DGC]AIQ\QA#X
DQH
Q(∗)(l, m) = S2α0fvlf∗vm
(α0)
Q(l, m) = S0fvlfvm
(−α0) ,®+RªgÄG¨ 
¸!\^Xﬂ`AY]a+A6DQH  !Â+YONGY]\^`H;Y]DGYO\ HSY]\^`#H³NGPfYOa+A½AHSY]\ªÂ½DY]\ªNJX¡A#COC]NQC³\ H!X+N X  Y]a+A½IQA#X+A¿
C]DQdª\^A_cdª\^QA#dª\^a+N!N4_c+C]\ªXﬂ`\ªﬂdªA`DGX*KAAÂ+d^N  QA#_²Y]N0IQA#X+ACEDY]AuD6HOF+\ªY]DGKﬂdªA_4A#`\^HO\ªNJX
HSYEDY]\^H;YO\ `HfP.NJCÁYOa+AK+\^XﬂDQC  6a !NGYOaﬂA#HO\^HfY]A#H;Y#R
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C]DGYO\^N0Y]A#H;Y#R 'Y+C]N \ _4AHD1N A#C;P.FﬂdY]N!NQd  a+\ `Ea¡\ H³FﬂHOA#_¡\ªX~Â½DGX jDGﬂ+dª\ `DGYO\^NQXﬂH
\ªXr`NQÂÂuFﬂX+\^`#DY]\ªNJXpY]a+ANJC  ÁA#HOA`\ DGd^d  \ªXa !NGYOaﬂA#HO\^HY]A#H;YO\^X+I9+C]NQKﬂdªA#ÂHH;F`Ea
DQH½_4AYOA` YO\^NQXRvNQXﬂHO\^_+ACYOaﬂA*K+\ªXDGC  oa  !NGY]a+A#HO\^HY]A#H;YO\^X+Io+C]NQK+d^AÂ  a+AC]A1YOa+A
a NGY]a+A#HOA#H
H0
DQXﬂ_
H1
aDQAY]a+ADG¿¬ﬂCO\^NQC]\l+C]NQKﬂDQK+\^dª\ªYO\^A#H
P (H1) = 1− P (H0) 
DGXﬂ_²Ds_+A#`\ HO\ªNJX6aﬂDQHY]NsKA³ÂDJ_4AKﬂDQHOA#_0NQX6Y]a+ANQKﬂHOAC DYO\^NQX
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H1
\ªP
P (H1|r) > P (H0|r) ,®+RªgÄJ® 
DGXﬂ_*P.NQC
H0
NQYOa+A#C \ H;AJR ÁaﬂA`NQXﬂ_4\ªYO\^NQXDGd+CONJKﬂDGKﬂ\ªd^\Y  *_4A#XﬂHO\Y  1P.F+Xﬂ`YO\^NQXﬂHNQP[YOa+A
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r
DQCOA`#DGd^dªA_6Y]a+Adª\^QA#dª\^a+N!N4_6P.FﬂXﬂ` Y]\ªNJXﬂHBDGX_²DQCOA_4AﬂX+A#_cDJHL
p(r|H0) = p0(r)
p(r|H1) = p1(r) ,®+RªgÄQ´ 
DGXﬂ_0FﬂHO\ªX+IeÁD QAH#ﬃJCOF+d^AY]a+A³ÂD
 
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 
+C]A#H]HOA#_
DQH
p1(r)
p0(r)
>
(1− P (H1))
P (H1)
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Áa+AC]DGYO\^N
λ(r) = p0(r)p1(r)
\ HC]AP.A#COC]A#_Y]NsDJH[Y]a+AVd^\^QAd^\^a+N!N!_0C]DGYO\^N !DGXﬂ_0D=Y]A#H;YfKﬂDJH;A_
NQX
λ(r)
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ln(λ(r))
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DAC]Â\ H]H;\^K+d^AuDG+ﬂCONDQ`Ea 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_4AY]A#`YO\^NQXlRUZ+NJCWXﬂN XsHO\ªIJXﬂDGd HF+Xﬂ_4A#C[©  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P.F+Xﬂ`YO\^NQXﬂH#RW\,R AQR
λ(r) =
∫
{θ} p1(r|θ)w(θ)dθ∫
{φ}
p0(r|φ)v(φ)dφ
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a+AC]A
θ
DGX_
φ
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w(θ)
DQXﬂ_
v(φ)
DGC]A
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λ(r) =
max{θ}p1(r|θ)
max{φ}p0(r|φ)
,®+RªgÄQ¾ 
ÁaﬂDYf\^H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θ
DGXﬂ_
φ
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θ
DGXﬂ_
φ
YOaDYVÂ½D
 
\^Â\ª#A
p1(r|θ) DQXﬂ_ p0(r|φ) DQCOAY]a+AsHON0`#DGd^A#_cÂ½D   \^ÂuF+Â d^\ªJAd^\¿
a+N!N4_²AHSY]\ªÂ½DGYOA#HÁNQPY]a+A#HOAﬂDQC]DQÂAYOA#C]H4DGXﬂ_1DGC]A_4AX+NQYOA_1DJH
θˆ
DGXﬂ_
φˆ
R Áa!FﬂH4YOa+A
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